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H IJKLMNOPKQMJ
RSTUVWXY Z[X \S]]S^ VT_ `YSa ]Xb c d efY XTZXYU f _fYf_X \SY YX`fVY c g[X `fVTZ ]fhXY S\ Z[X efY [fU
a XXT Wfb f_XW c iX ^fTZ ZS YX`fVY Z[X Wfb f_X ^ VZ[SjZ eSb`]XZX]h YX`fVTZVT_ Z[X ^[S]X efY c gS
YXbSkX XkXYh ZYfeX S\ Wfbf_X l ^X ^ V]] ]S ef]]h f``]h `fVTZ S\ f eS]SY kXYh UVb V]fY ZS Z[X eS]SY S\ Z[X
`fVTZ Z[fZ VU f]YXfWh ST Z[X efY c g[X `YSa]Xb VU l ^[XYX WS ^X _XZ `fVTZ S\ Z[X YV_[Z eS]SYm n Ujf]]hl
Uje[ `fVTZ ^ V]] TSZ a X fkfV]fa]X YXfWhob fWX c iX TXXW ZS eYXfZX VZ SjYUX]kXU ah Z[X \fb V]VfY `YS eXUU
S\ b Vp VT_ eS]SYfTZU c

qT Z[X TXpZ UXeZVST ^X WXUeYVaX f UVb`]X bSWX] WjX ZS rjaX]sf fTW tjTs Z[fZ f]]S^ U jU ZS
`YXWVeZ Z[X eS]SY S\ f b VpZjYX S\ eS]SYfTZU l _VkXT f YXeV` X U` XeV\h VT_ Z[fZ eS]SYfTZ u VU jUXW VT
YX]fZVkX `YS`SYZVST vw c

n UVT_ Z[VU b SWX] VZ VU `SUUVa]X l _VkXT f ZfY_XZ eS]SY fTW f UXZ S\ eS]SYfTZU l ZS eSb`jZX f YXeV` X
Z[fZ `YSWjeXU f aXUZ f``YSpVb fZVST ZS Z[X ZfY_XZ eS]SY c

g[VU UXXb U ZS US]kX SjY VTVZVf] `YSa]Xb eSb`]XZX]h xfUUjb VT_ Z[fZ Z[X rjaX]sfotjTs bSWX] VU
feejYfZXy l ajZ Z[XYX VU f efZe[ c zSY UXkXYf] YXfUSTU l ^X WS TSZ ^fTZ ZS jUX ZSS b fTh eS]SYfTZU VT
f YXeV` X l TSZ bSYX Z[fT { Ufhl ^[XYXfU Z[XYX fYX bfTh bSYX eS]SYfTZU fkfV]fa]X l Ufh | c iX TXXW
ZS UX]XeZ l _VkXT SjY ZfY_XZ eS]SY l f _SSW UXZ S\ { eS]SYfTZU ZS jUX VT SjY YXeV` X c qT \feZ l ^X fYX
VTZXYXUZXW VT f eSj`]X S\ {oUXZU Z[fZ `YSWjeX f _SSW f``YSp Vb fZVST ZS Z[X ZfY_XZ eS]SY c

}\ eSjYUX l ^X eSj]W eSb`jZX f YXeV` X \SY Xfe[ {oUXZ S\ eS]SYfTZU l fTW Z[XT WXeVWX ^[Ve[ {o
UXZU `YSWjeX Z[X aXUZ f``YSp Vb fZVSTU ZS SjY ZfY_XZ eS]SY c ~VTeX eSb`jZVT_ STX YXeV`X VU f]YXfWh
TSTZYVk Vf] l fTW | SkXY { ^ V]] a X fT XpeXXWVT_]h ]fY_X TjbaXY l Z[VU ZfsXU ZSS bje[ ZVb X c tSYXSkXY l
b fTh S\ Z[X {oUXZU ^ V]] ST]h `YSWjeX kXYh `SSY f``YSp Vb fZVSTU ZS Z[X ZfY_XZ eS]SY x{ U[fWXU S\
a]jX ^ V]] TXkXY b fsX f _SSW YXWy l fTW VZ UXXb U ^fUZX\j] ZS `YXeVUX]h eSb`jZX b fTh YXeV` XU ^[XT
ST]h f \X^ _SSW STXU fYX TXXWXW c

qT Z[VU `f`XY l ^X ^ V]] Xp`]fVT fT f``YSfe[ Z[fZ eSj]W a X jUXW ZS ^ VX]W SjZ afW {oUXZU ^ VZ[SjZ
eSb`jZVT_ b fTh YXeV` XU c

� ��� � O������� OJ� � MN��

zSY f _VkXT `fVTZXW UjY\feX fTW f ^fkX]XT_Z[ � l Z[X ��� ������� � x�y VU WX�TXW fU Z[X `YS`SYZVST
S\ ]V_[Z S\ ^fkX]XT_Z[ � Z[fZ VU YX�XeZXW ah Z[X `fVTZ ]fhXY c g[X ����� S\ Z[X UjY\feX VU WXZXYb VTXW
ah Z[X YX�XeZfTeX kf]jXU S\ ]V_[Z VT Z[X kVUVa ]X U` XeZYjb c

RS]SYfTZU [fkX Z^S `fYfb XZXYU l Z[X ������ ���� � x�y l fTW Z[X ���������� � x�y l aSZ[ WX`XTWVT_
ST Z[X ^fkX]XT_Z[ � c iX bfh fUUjb X Z[fZ ^X sTS^ aSZ[ `fYfbXZXYU \SY Xfe[ S\ SjY eS]SYfTZU c
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g[X rfaj]sfotjTs bSWX] `YXWVeZU Z[fZ f eSb`]XZX]h [VWVT_ `fVTZ ]fhXY ^ V]] UfZVU\h Z[X \S ]]S^ VT_
YX]fZVST aXZ^XXT Z[X YX�XeZfTeX fTW Z[X `fYfb XZXYU S\ Z[X eS]SYfTZ l \SY Xfe[ ^fkX]XT_Z[ � �

� x�y
� x�y � x�

−
� x�yy��� x�y � x�y

tSYXSkXY l ^[XT ^X b Vp eS]SYfTZU �� � � � � { VT YX]fZVkX `YS`SYZVSTU vw xUS � w v w � � fTW vw
≥ � y^X [fkX

� x�y � 	 vw� w x�y � x�y
fTW

� x�y � 	 vw�w x�y � x
 y
^[XYX � w � �w fYX Z[X eSX� eVXTZU S\ eS]SYfTZ u fTW � � � fYX Z[X eSX� eVXTZU S\ Z[X b VpZjYX c
qT `YfeZVeX l ^X eSTUVWXY ST ]h f �TVZX TjbaXY S\ \YX�jXTeVXU � 
 � � � � � � � fWX�jfZX]h YX`YXUXTZVT_

Z[X kVUVa ]X U` XeZYjb c g[fZ VU l ^X b XfUjYX Z[X YX�XeZfTeX kf]jXU � � x� 
 y � � � � �� � x� � y S\ SjY ZfY_XZ
eS]SY c d b VpZjYX S\ eS]SYfTZU VU eSTUVWXYXW f kXYh _SSW f``YSp Vb fZVST V\ VZ [fU Z[X Ufb X YX�XeZfTeX
kf]jXU fZ ^fkX]XT_Z[ � 
 � � � � � � � c �XZ j U Ufh Z[fZ f UXZ S\ eS]SYfTZU � VU ���� � ��� V\ Z[XYX VU f YXeV` X
jUVT_ ST]h eS]SYfTZU VT � Z[fZ _VkXU f kXYh _SSW f``YSp Vb fZVST S\ Z[X ZfY_XZ eS]SY c

zYSb x�� y
−

x��y ^X WXYVkX Z[fZ f UXZ � VU kXYh _SSW V\ fTW ST]h V\ Z[XYX Xp VUZ vw
≥ � Uje[ Z[fZ �

� w
∈� vw� w x�� y� w
∈� vw�w x�� y � x�

−
� � x�� yy��� � x�� y � � � �� � � � � � � x� y

~VTeX Z[X [jb fT XhX WSXU TSZ ` XYeXVkX eS]SY ^ VZ[ Z[X `YXeVUVST S\ f U`XeZYSb XZXY l f �kXYh _SSW �
UXZ S\ eS]SYfTZU VU VT \feZ bSYX Z[fT ^X TXXW c �jZ ]XZ jU eSTeXTZYfZX ST kXYh _SSW UXZU S\ eS]SYfTZU
\SY TS^ c
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#X^YVZVT_ x��y ^X SaZfVT Z[X \S]]S^ VT_ c g[X UXZ � VU kXYh _SSW V\ Z[XYX XpVUZ vw

≥ � Uje[ Z[fZ

	w
∈�

vw$ w � � � x�y

^[XYX Z[X $ w fYX kXeZSYU VT �� � ^[SUX � oZ[ eSSYWVTfZX VU WX�TXW ah

x$ w y� �� � w x�� y
−

x�
−

� � x�� yy��� � x�� y �w x�� y � x% y
&SZX Z[fZ Z[X kXeZSY $ w VU eSb`]XZX]h WXZXYb VTXW ah Z[X `fYfb XZXYU S\ Z[X eS]SYfTZ u fTW Z[X
YX�XeZVST kf]jXU S\ Z[X ZfY_XZ eS]SY c'�jfZVST �� [fU f UVb`]X _XSb XZYVe VTZXY`YXZfZVST � VZ UZfZXU Z[fZ � VU f kXYh _SSW UXZ V\ fTW
ST]h V\ Z[X SYV_VT VU VT Z[X eSTkXp [j]] S\

{
$ w
|
u
∈
�
}
c&S^ YXb XbaXY Z[fZ SjY _Sf] VU ZS ]Vb VZ Z[X UV(X S\ Z[X UXZ S\ eS]SYfTZU jUXW VT Z[X YXeV` X l V cX c

]Vb VZ Z[X efYWVTf]VZh S\ � ah { c ~S ^[XT ^X ]SSs \SY kXYh _SSW UXZU S\ eS]SYfTZU l ^X fYX \feXW ^ VZ[
Z[X \S]]S^ VT_ _XSb XZYVef] `YSa]Xb �

) VkXT f UXZ S\ kXeZSYU VT �� � l UX]XeZ f UjaUXZ S\ fZ bSUZ { kXeZSYU ^[SUX eSTkXp [j]]
eSTZfVTU Z[X SYV_VT c

q\ Z[X kXeZSYU $ 
 � � � � � $ * fYX VT _XTXYf] `SUVZVST l f UjaUXZ S\ Z[XUX kXeZSYU eSTZfVT VT_ Z[X SYV_VT
VT VZU eSTkXp [j]] ^ V]] [fkX fZ ]XfUZ � + � X]Xb XTZU c qT SZ[XY ^SYWU l Z[XYX fYX TS kXYh _SSW UXZU S\
efYWVTf]VZh

≤
� c g[VU VU f `YSa]Xb l UVTeX { VU jUjf]]h ]XUU Z[fT � VT SjY f``]VefZVST l fTW Z[XYX VU TS

YXfUST ^[h Z[X kXeZSYU U[Sj]WT �Z aX VT _XTXYf] `SUVZVST c
qZ VU ZVb X ZS jUX Z[X \feZ Z[fZ Z[X [jb fT XhX efT aX \SS]XW l fTW WXZXYb VTX ^[XT f UXZ S\

eS]SYfTZU VU _SSW XTSj_[ c
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� ��� ���
}T Z[X YXZVTf S\ Z[X [jb fT XhX Z[XYX fYX ]V_[Z UXTUSYU S\ Z[YXX Zh` XU l Xfe[ Zh`X b fpVbf]]h UXTUVZVkX
ZS ]V_[Z S\ f WVUZVTeZ ^fkX]XT_Z[ c � V_[Z XTZXYVT_ Z[X XhX ^ V]] UZVbj]fZX UXTUSY S\ Zh` X � x� � �� � � 
 y
`YS`SYZVSTf] ZS

�� �� 	� � x�� y�� � x�y
^[XYX � x�y VU Z[X faUS]jZX VTZXTUVZh S\ ]V_[Z S\ ^fkX]XT_Z[ �� XTZXYVT_ Z[X XhX fTW �� VU Z[X YX]fZVkX
UXTUVZVk VZh S\ Zh` X � ZS ]V_[Z S\ ^fkX]XT_Z[ �� c g[X kXeZSY � �� x� 
 � �� � �� y VU f]] Z[X VT\SYb fZVST
Z[X aYfVT _XZU \YSb Z[X XTZXYVT_ ]V_[Z � Z[jU SjY eS]SY UXTUX VU XUUXTZVf]]h 
oWVb XTUVSTf] l fTW Z[XYX
VU f ]VTXfY b f` � � x� x�� yy�

7→ � czSY fTh �pXW � l Z[X XhX VU jTfa]X ZS WVUZVT_jVU[ a XZ^XXT fTh Z^S sVTWU S\ ]V_[Z ^ VZ[ faUS]jZX
VTZXTUVZh kXeZSYU VT �−


 x� y cg[X eS]SY S\ ]V_[Z Xb VZZVT_ \YSb f `fVTZXW UjY\feX WX` XTWU ST aSZ[ Z[X YX�XeZVST kf]jXU � x�y
S\ Z[X `fVTZ ]fhXY fTW Z[X XTkVYSTb XTZf] ]V_[Z V]]jb VTfZVT_ Z[X UjY\feX c �h WX�TVZVST S\ � l ^X
[fkX �	
� x�� y � � x�� y� w* x�� y \SY Xfe[ ^fkX]XT_Z[ �� c ~S _VkXT f eXYZfVT sVTW S\ XTkVYSTb XTZf]
]V_[Z � l ^X [fkX f ]VTXfY bf` �
 � x� x�� yy�

7→
x�	
� x�� yy� c g[VU USb X^[fZ XT[fTeXU Z[X faV]VZh

S\ Z[X XhX ZS WVUZVT_jVU[ `fVTZ eS]SYU c g^S `fVTZ ]fhXYU l ^ VZ[ YX�XeZVST kXeZSYU � 
 � �� efT f``XfY
ZS Z[X XhX ZS [fkX Z[X Ufb X eS]SY VT STX sVTW S\ XTkVYSTb XTZf] ]V_[Z x� x� 
 x� 
 yy � � x� 
 x�� yyy l ajZefT aX UXXT ZS [fkX f WV�XYXTZ eS]SY jTWXY fTSZ[XY sVTW S\ ]V_[Z x� x� � x� 
 yy 6� � x�� x�� yyy c g[VU
`[XTSb XTST VU sTS^T fU � ���� ����� c

qT `YfeZVeX l f efY VU TSZ ]SSsXW fZ jTWXY XkXYh `SUUVa]X sVTW S\ ]V_[Z l fTW Z[VU b fsXU SjY �Sa
USb X^[fZ XfUVXY c iX b fh fUUjb X Z[fZ Z[X YX`fVYXW efY ^ V]] ST]h aX UeYjZVTV(XW VT f kXYh ]Vb VZXW
UXZ S\ XTkVYSTb XTZU l Ufh VT Wfh]V_[Z fTW VT Z[X ]V_[Z Z[fZ VU jUjf]]h Xb VZZXW ah UZYXXZ ]fb`U c g[VU
b XfTU Z[fZ V\ Z[X `fVTZ ]fhXY ST Z[X efY [fU YX�XeZVST kXeZSY � � �� x� � x� 
 y � � � � �� � x� � yy l VZ VU
UfZVU\feZSYh V\ ^X eYXfZX `fVTZ ^ VZ[ YX�XeZVST kXeZSY � Uje[ Z[fZ

� x���� �w��� x� yy � � x���� �w� �� x� � yy � x� y
fTW

� x����

��w� �� x� yy � � x����

��w� �� x�� yy x� y
g[VU `YS ejeXU f UXZ

R ⊆
�� � S\ YX�XeZVST kXeZSYU Z[fZ efT aX Uf\X]h UjaUZVZjZXW \SY Z[X ZfY_XZ

YX�XeZVST kXeZSY �� c g[X US]jZVST UXZ S\ x��y VU fT f� TX UjaU`feX S\ �� � ajZ TSZX Z[fZ YX�XeZVST
kf]jXU U[Sj ]W aX a XZ^XXT � fTW � c iX bfh XkXT ^fTZ ZS YXUZYVeZ SjYUX]kXU ZS � x�� y a XZ^XXT
� � x�� y

± � c qT fTh efUX l
R

^V]] a X f eSTkXp UXZ c
iX ^ V]] Ufh Z[fZ UXZ S\ eS]SYfTZU � VU � ��� ������ V\ ah b Vp VT_ eS]SYfTZU \YSb � ^X efT eYXfZX

`fVTZ ^ VZ[ YX�XeZVST kXeZSY �
∈ R

c
zYSb Z[X `YXkVSjU UXeZVST VZ \S]]S^ U Z[fZ � VU _SSW XTSj_[ V\ fTW ST]h V\ Z[XYX VU USb X YX�XeZVST

kXeZSY � � x� x� 
 y � � � � �� x� � yy
∈ R

Uje[ Z[fZ
Z[X SYV_VT ]VXU VT Z[X eSTkXp [j]] S\

{
$ �w
|
u
∈
�
}
l

^[XYX
x$ �w y� �� � w x� x�� yy

−

x�
−

� x�� yy��� x�� y �w x�� y � x�� y
g[jU $ w � $ ��w c

� �"M � �K�MN 
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RSTUVWXY f �TVZX UXZ S\ kXeZSYU 1 VT �� � c qZ VU e]XfY Z[fZ V\ 1 VU UZYVeZ]h ST STX UVWX S\ f x]VTXfYy
[h`XY`]fTX 2 l Z[XT Z[X eSTkXp [j]] S\ 1 WSXU TSZ eSTZfVT Z[X SYV_ VT c zYSb _XSb XZYVef] VTZjVZVST
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VZ VU f]US SakVSjU xajZ TSZ ZYVk Vf] ZS `YSkXy Z[fZ Z[X eSTkXYUX [S]WU � TfbX]h Z[fZ V\ Z[X eSTkXp [j]]
S\ 1 WSXU TSZ eSTZfVT Z[X SYV_VT l Z[XYX VU USbX [h`XY`]fTX 2 [fkVT_ f]] S\ 1 UZYVeZ]h ST STX UVWX c
~je[ VU Z[X eSTZXTZ S\ zfYsfU � �Xbbf xUXX X c_ c ���y �
����� � ���	
��� 
���� � � ���� ��� �� ������� 1

⊆
�� � �� ����� ��� �� �� � � �� ��� ��� ������ ����

� ��� �
�� � ���� �� �� � ������ �� � � �� 1 � ���
�� �� ��� �� � ������ �

∈
�� � ���� �� �� x� � � y � � � �� �� � �

∈
1 �

�h x�� �y ^X WXTSZX Z[X VTTXY `YSWjeZ S\ Z^S kXeZSYU c
g[VU efT aX `jZ ZS jUX \SY SjY `YSa ]Xb VT Z[X \S]]S^ VT_ ^fhc�XZ j U �YUZ eSTUVWXY �kXYh _SSW � UXZU S\ eS]SYfTZU f_fVT c q\ ^X ZfsX fT fYaVZYfYh kXeZSY �

∈
�� � l

fTW UXZ � � �� {u | x� � $ w y � �} l Z[XT VZ \S ]]S^ U \YSb xZ[X XfUh `fYZ S\ y zfYsfU � �Xbbf Z[fZ fTh
UXZ S\ eS]SYfTZU � ^VZ[ �

⊆
� � ^V]] TSZ a X f kXYh _SSW UXZ c g[X TSTZYVk Vf] `fYZ S\ zfYsfU � �Xbbf

U[S^ U Z[fZ fTh UXZ Z[fZ VU TSZ �kXYh _SSW � [fU f TST(XYS e[fTeX S\ a XVT_ f UjaUXZ S\ � � c iX bfh
Yf`VW]h eSTUZYjeZ f bj]ZVZjWX S\ Uje[ �\SYaVWWXT � UXZU l ah YfTWSb ]h e[SSUVT_ kXeZSYU � 
 � � � � � ��\YSb � �−
 �� {� ∈ �� �

| ‖
�
‖ � �

}
c g[XT ^X UXfYe[ \SY {oUXZU � Z[fZ UfZVU\h �

\
� ��
6� ∅ \SY f]]

u � �� � � � �� l fTW `YSkVWXW Z[fZ � VU a V_ XTSj_[ Uje[ fT � ^V]] kXYh ]VsX]h a X f kXYh _SSW UXZ c
q\ ^X fYX VTZXYXUZXW VT UXZU Z[fZ fYX �_SSW XTSj_[ �l Z[X `YSa]Xb aXeSb XU bSYX UjaZ]X c � X�TX

\SY Xfe[ eS]SYfTZ u Z[X UXZ � w �� {$ �w | � ∈ R} ^[XYX
R

VU Z[X UXZ S\ Uf\X UjaUZVZjZXU \SY Z[X ZfY_XZ
YX�XeZVST kXeZSY �� S\ Z[X `YXkVSjU UXeZVST c ) VkXT fTh kXeZSY �

∈
�� � l ^X `jZ

� � �� {u | b VT
 ∈!

� x� � $ y � �} � x��y
R]XfY]hl TS UjaUXZ S\ � � ^V]] aX _SSW XTSj_[ c qZ VU TSZ ZYjX fThbSYX Z[fZ fTh UXZ Z[fZ VU TSZ _SSW
XTSj_[ VU X]Vb VTfZXW Z[ VU ^fhc ~ZV]] l ^X efT eSTUZYjeZ b fTh Uje[ \SYaVWWXT UXZU � � Xfe[ ZVb X
sV]]VT_ b fTh efTWVWfZX {oUXZU S\ eS]SYfTZU c

g[X b VT Vb V(fZVST `YSa]Xb b VT ∈!
� x� � $ y VU [fYW VT _XTXYf] ajZ

� c ^X b fh fUUjb X Z[fZ
R

VU f `S]hZS`X l fTW
� c ^X efT YX` ]feX $ �w ah VZU ]VTXfY f``YSp Vb fZVST fYSjTW $ ��w `YSkVWXW Z[fZ

‖
�
−
��
‖

VU Ub f]] l
h VX]W VT_ f `S]hZS` X "� w f``YSpVb fZVT_ � w c iX efT XVZ[XY US]kX Z[X b VTVb V(fZVST `YSa]Xb U
b VT ∈ #!

� x$ � � y \SY Xfe[ � SY eSb`jZX Z[X kXYZVeXU $ w S\ "� w VT fWkfTeX l fTW jUX Z[X \feZ Z[fZ
b VT ∈ #!

� x$ � � y � bVT %
∈&

� x' � �y \SY XkXYh � c
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