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YZ[ \]^_ `]a b[_ [cd^ce f\[]`d^fc gf] dZ[ h]^ii^ce fg f^i j[iik bfck^kdk fg dZ[ gf iifj ^ce kd`e[k l m]kd h]^ii `
c[j \`]d fg dZ[ j[ii n d]^\ofpd dZ[ h]^ii \ ^\[ n d]^\o^c dZ[ kd[[i b`k^ce n \p_\ k\`b[] f] i[`h `ch d`^i kip]]a
df h^k\i`b[ dZ[ h]^ii^ce _ph p\j`]hk ^c `c `ccpipk `ch kd`]d `e`^c q rf] dZ[ kdpha fg dZ[ i`kd kd`e[ n
dZ[ _ ^kb^si[ h^k\i`b[_ [cdk fg t^kbf\ i`kd^b up^hk gf] dZ[ \p]\fk[ fg j[ii b[_ [cd^ce n ` k^_\i^m[h _fh[i ^k
h^kbpkk[h fg ` djfoh^_ [ck^fc`i bZ`cc[i j ^dZ djf v^ceZ`_ up^hk q

wcfjc _fh[ik gf] kpbZ ` h^k\ i`b[_ [cd fg djf up^hk `][ s`k[h fc ips]^b`d^fc da\[ `\\]fx ^_ `d^fck
`ch [bb[cd]^b `ccpi`] y[i[ozZ`j b[iik n k[[ dZ[ ][g[][cb[k ^c {|} q ~p]^ce dZ[ zdpha �]fp\ `dd[_\dk Z`t[
s [[c _`h[ �`idZfpeZ pckpbb[kkgpiia � df s`i`cb[ dZ[ [�[bd fg e]`t^dan k`a dZ[ if`h fg dZ[ h^k\i`b[] up ^h � n
df dZ[ ips]^b`d^fc \][kkp][ ^c dZ[ dZ ^c ][k^hp`i i`a[]k n bf_\`]`si[ df ` i^gd n pk^ce ips]^b`d^fc `]ep_ [cdk q
�c dZ[ i^d[]`dp][ k[t[]`i ips]^b`d^fc kb`i^cek Z`t[ s[[c kdph^[h n jZ^bZ ^ch^b`d[ dZ`d ` t`i^h `\\]fx ^_ `d^fc
b`c s[ _ `h[ fg dZ[ t[if b^da m[ih n spd cfd fg dZ[ a^[ih kp]g`b[k q �[ j ^ii cfd \][k[cd ` h^kbpkk^fc fg dZ[
pk[gpic[kk fg dZ[ ips]^b`d^fc _fh[ik spd fcia ][g[] df dZ[ b^d`d^fck ^c {�} n{|} q

�d k[[_ k ^_\f]d`cd df ^ct[kd^e`d[ jZ`d Z`\\[ck fc dZ[ e`\ kb`i[ n k^cb[ cp_[]^b`i `ch `c`iad^b`i
kdph^[k ^ch^b`d[ dZ`d jZ^i[ dZ[ g]fcd fg dZ[ h^k\ i`b[] up^h _ft[k kd[`h^ia hfjc dZ[ kifd n ` pc ^gf]_ i`a[]
fg ][k^hp`i ^k i[gd s [Z^ch `d dZ[ j`iik q YZ[ gf]_ `d^fc fg dZ[k[ kd`d^b ][k^hp`i i`a[]k ^k fsk[]t[h jZ[c dZ[
a^[ih kd][kk fg dZ[ h^k\i`b[h up^h ^k cfd [xb[[h[h `d dZ[ j`iik fg dZ[ bZ`cc[i q YZ[ `^_ fg dZ^k kdpha ^k df
\][h^bd dZ[ dZ^b�c[kk fg dZ[ kd`d^b ][k^hp`i i`a[]k n \][g[]`sia g]f_ ` k^_\i[ b]^d[]^fc `ch ^c `c ^cbi^c[h
bZ`cc[i q �c dZ[ t[]d^b`i n ka__[d]^b b`k[ `c `bbp]`d[ b]^d[]^fc gf] dZ[ i`a[] dZ^b�c[kk k[[_ k df s[ e^t[c sa
` ][b^]bpi`d^fc b]^d[]^fc q YZ[ m]kd `^_ ^k dZ[][gf][ df pch[]kd`ch dZ[ \][h^bd^t[ t`ip[ fg dZ[ ][b^]bpi`d^fc
b]^d[]^fc `ch df e[c[]`i^�[ dZ[ ^h[` df dZ[ cfcoka__[d]^b b`k[ q �d ^k kZfjc ^c dZ^k ][\f]d jZa \][t[cd^ce
][b^]bpi`d^fc ^c dZ[ _ft^ce g]`_ [ fg ][g[][cb[ e^t[k ` ifj[] sfpch gf] dZ[ i`a[] dZ ^b�c[kk q yfj[t[] n ^c
dZ[ b`k[ fg spfa`cban h^][bd cp_ []^b`i k^_pi`d^fck ^ch^b`d[ dZ`d dZ[ ][b^]bpi`d^fc b]^d[]^fc ^k cfd `bbp]`d[
`ch gp]dZ[] ^ct[kd^e`d^fck `][ ][�p^][h gf] dZ[ ufj s[Z`t^fp] c[`] dZ[ d^\ fg dZ[ ^cd[]g`b[ s [dj[[c dZ[
djf up^hk q

�[ kd`]d ^c k[bd^fc | j ^dZ ` ][\]^k[ fg dZ[ ]Z[fife^b`i \]f\[]d^[k fg dZ[ v ^ceZ`_ up^hk n dZ[ ^cd]fo
hpbd^fc fg dZ[ h^_ [ck^fc i[kk cp_s[]k n `ch dZ[ kd[`ha t[if b^da \]fm i[k ^c ` bZ`cc[i q �c k[bd^fck � `ch �
j[ h^kbpkk dZ[ ][b^]bpi`d^fc b]^d[]^fc gf] ` t[]d^b`i `ch `c ^cbi^c[h bZ`cc[i q � Z[c ` kd[`ha cp_[]^b`i
b`ibpi`d^fc ^c ` _ft^ce g]`_ [ fg ][g[][cb[ ^k df s [ hfc[ n ^c kd[`h fg kfit^ce dZ[ hac`_ ^b kakd[_ n dZ[
h^� bpida `]^k[k fg dZ[ cfcopc^�p[c[kk fg dZ[ kd[`ha ^cd[]g`b[ s [dj[[c dZ[ djf up^hk �dZ[ h^k\i`b[_ [cd
g]fcd� q YZ[ k[i[bd^fc fg dZ[ mce[] j ^hdZ `ch dZ[ ][k^hp`i i`a[] dZ^b�c[kk[k ^k i^�[ia df s[ gfpch g]f_ `
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r^ep][ �l v ^ceZ`_ kd][kkokd]`^c \ifd `ch [�[bd^t[ t^kbfk^da �� � ���� � q
_ ^c ^_ ^�`d^fc b]^d[]^fc gf] dZ[ h^kk^\`d^fc fg [c[]eaq �c k[bd^fc � j[ h^kbpkk dZ[ cp_[]^b`i `\\]f`bZ pk^ce
` ][epi`]^�`d^fc fg sfdZ dZ[ ^cd[]g`b[ `ch dZ[ ]Z[fife^b`i \]f\ []d^[k q

� � X�WT	
��R XW �VXU�
�[ j^ii `hf\d dZ[ gfiifj ^ce cfd`d^fc gf] dZ[ t^kbf\i`kd^b v ^ceZ`_ up^hk ^c ` djfoh^_ [ck^fc`i bZ`cc[i q

zp\\fk[ up^h 
 �_ph� ^k s [^ce h^k\i`b[h `ch up^h � �b[_[cd kip]]a � ^k dZ[ h^k\ i`b[] q � kkp_ ^ce
dZ`d sfdZ up^hk `][ \[]g[bdia v^ceZ`_ n spd j ^dZ h^�[][cd ]Z[fife^b`i \`]`_ [d[]k n dZ[ bfckd^dpd^t[ i`j k
j ^dZ a^[ih kd][kk �� `ch t^kbfk^da � �j ^dZ h^�[][cd t`ip[k gf] up ^hk 
 `ch � n ^c k\`d^`i hf_`^ck �� `ch�� ][k\[bd^t[ia� `][ e^t[c sa l�� �� � � �

⇐⇒
� �� �

≤
����� �� � � �� � ���� ��� � �� �� �� � ⇐⇒

� �� �  �� ���

jZ[][ j[ Z`t[ pk[h dZ[ cfd`d^fc

�� �� � ! " �! #� � !"�! #� $ �� �� � � %&�| '�(� �� )�� �� �*+ ,-) $ � �� � � %&�| '�(� ��� �� �*+ ,-) .
Yf `tf^h t^kbfpk mce[]^ce dZ[ t^kbfk^da �� fg dZ[ h^k\i`b[] � ^k d`�[c df s [ k_`ii[] dZ`c �� fg up^h
 / dZ[ kd`d^b i`a[]k j ^ii da\^b`iia fbbp] jZ[c dZ[ a^[ih kd][kk �� (� fg up^h � ^k k_ `ii[] dZ`c dZ`d fg 
 q
YZ[ [�p`d^fck fg _ fd^fc `][ _ `h[ h^_ [ck^fci[kk ][i`d^t[ df dZ[ _ [`c h^k\i`b[_ [cd t[if b^da 01 n dZ[

h[ck^da fg dZ[ h^k\i`b[h up^h 2� n `ch dZ[ kifd Z`igoj ^hdZ 3 n jZ^bZ e^t[k `k h^_[ck^fci[kk cp_s[]k l dZ[
h[ck^da ]`d^f 4 � 2�2� ≥

� $
dZ[ spfa`cba \`]`_ [d[] 5 � �2�

−
2� � 632� 0 )1 ≥

� $
`ch dZ[ \i`kd^b a^[ih kd][kk[k `ch t^kbfk^d^[k

�� � 7��2� 0 )1 $ � � 7�2� 013 .
�YZ[k[ kZfpih s [ ][`h j ^dZ �� (� `ch �� (� n ][k\ [bd^t[ia �� `ch �� .�Ya\^b`iia dZ[][ j ^ii s [ `c ^cd[]g`b[ s[dj[[c dZ[ djf up^hk n `k ^ch^b`d[h ^c mep][ | n dZ`d _ft[k
kd[`h^ia `ifce dZ[ bZ`cc[i j ^dZ kf_ [ k\[[h 8 q �[ bZ`ce[ df ` _ft^ce g]`_[ fg ][g[][cb[ ^c jZ^bZ dZ[
kZ`\[ fg dZ[ ^cd[]g`b[ ^k mx[h q �[ bZffk[ bff]h^c`d[k �# $ 9 � j ^dZ bf]][k\fch^ce t[ifb^d^[k �" $ : � n j ^dZ #^c `x ^`i h^][bd^fc n dZ[ 9 o`x ^k mx[h sa dZ[ d^\ fg dZ[ h^k\i`b[_ [cd g]fcd n `ch j ^dZ ; ∈ <− =) $ =) > h[cfd^ce
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r^ep][ | l zd[`ha ^cd[]g`b[ s [dj[[c h^k\i`b[] � `ch h^k\i`b[h up^h 
 / ka__[d]^b `ch cfcoka__[d]^b
g]fcd q

dZ[ `cei[ s[dj[[c dZ[ #o`x ^k `ch dZ[ t[]d^b`i n e]`t^d`d^fc`i n h^][bd^fc q YZ[ bZ`cc[i dZpk e^t[k ` hf_ `^c� � �
−� $� � × �

−
� $ �� n jZ[][ dZ[ h^_ [ck^fci[kk i[cedZ � ^k i`]e[ �spd mc^d[� n j ^dZ � h^t^h[h ^cdf up^h

hf_`^ck �� `ch �� k[\`]`d[h sa `c ^cd[]g`b[ � q �d fc[ [ch fg dZ[ bZ`cc[i �# � � � dZ[][ ^k fc ia dZ[ up^h
 n `ch `d dZ[ fdZ[] [ch �# � −� � dZ[][ j ^ii s [ djf kd`d^b i`a[]k fg up^h 
 `d dZ[ j`iik fg dZ[ bZ`cc[i n
k`a j ^dZ dZ^b�c[kk �� `ch �� n kf dZ`d up^h � s`k^b`iia ufj k dZfpeZ ` bZ`cc[i fg j ^hdZ �|

−
��

−
�� � q�fck[]t`d^fc fg tfip_ [ e^t[k dZ[ \]f\`e`d^fc k\ [[h fg dZ[ g]fcd `ch dZ[][gf][ dZ[ \]f\[] k\ [[h gf]

` _ft^ce g]`_ [ fg ][g[][cb[ 8 n 8 � |
|
−
��� � �� � . �|�

YZ[ ]`d^f fg dZ[ �h^_ [ck^fc i[kk� a^[ih kd][kk `ch dZ[ t^kbfk^da d^_ [k dZ[ k�p`][h _ [`c t[ifb^da ^k b`ii[h
dZ[ v^ceZ`_ cp_s[] fg dZ[ up^h n kf gf] up^h 
 $ �� � �� ��	� n `ch gf] up^h � $ � � � �
 ��	
� � .�c dZ[ _ft^ce g]`_[ fg ][g[][cb[ n dZ[ bfcd^cp^da `ch _f_[cdp_ [�p`d^fck ][`h

∇ ·
� � � $ ���

^c �� l 4 �
· ∇

� �
−∇
 � ∇ ·

�
− � $ �� �

j ^dZ � � 5
�bfk ; $ k^c ; � n `ch ^c �� l �

· ∇
� �

−∇
 � ∇ ·
� . ���

vfpch`]a bfch^d^fck `][ e^t[c sa

" �# $±�� � −
8 $ : �# $±�� � � $

`ch `d dZ[ ^cd[]g`b[ � dZ[ bfch^d^fck `][ e^t[c sa bfcd^cp^da fg dZ[ t[ifb^d^[k `ch bfcd^cp^da fg dZ[ cf]_`i
kd][kk[k q

� �� ��� ���� ���� ���� ���� �� 
YZ[ kd[`ha \]fm i[ hfjckd][`_ n jZ[][ fcia up^h 
 ^k gfpch n ^k ` \ i`c[ !f^k[p^ii[ ufj fg ` v ^ceZ`_ up^h /
^c ` _ft^ce g]`_ [ fg ][g[][cb[ j ^dZ \]f\`e`d^fc k\ [[h 8 dZ^k ^k e ^t[c sa

" �� $ 9 � � "" �9 � � # $��% ) − 8 $ |9 | ∈ {� $ &� �$��% ) ��− �|'|−�� ���,−�� �� � −
8 $ |9 | ∈ {&� $ �} �? �

jZ[][ &� � ,( �)� � $ �� � �� ��	� `ch * �� � ^k dZ[ fcia ]ffd fg dZ[ \`]`_ [d]^b bps^b [�p`d^fc
|* $ − +� � ?� , * ) � � � � �-�

�-



k`d^kga^ce * �� �  �q
�\kd][`_ dZ[][ ^k n s[k^h[k dZ[ kd`d^b i`a[]k fg up ^h 
 `d dZ[ j`iik n ` \ i`c[ !f^k[p^ii[ ufj gf] up ^h � $

" �−� $ 9 � � "−" �9 � � ���
��

$�
% )�� − 8 $ |9 | ∈ {� $ & ��$�
% )�� ��− �|'|−� 
 ���� �−�
 �� � −
8 $ |9 | ∈ {& � $ & � �

−
8 $ |9 | ∈ {& � $ �} �� �

jZ[][ & � � � �( �)
 � $ j^dZ * `k h[mc[h ^c �-� gf] � � � �
 ��	
� � . YZ[ \fk^d^fc fg dZ[ ^cd[]g`b[ n `d & � � �
−

� $^k `kkp_ [h df s[ ka__[d]^b ^c ��� / j^dZfpd dZ^k `kkp_\d^fc n j[ b`c k^_\ia kZ^gd dZ[ t[if b^da \]fm i["−" �9 � ft[] ` h^kd`cb[ 9� � ��−�	) $ df fsd`^c djf h^�[][cd ^cd[]g`b[ \fk^d^fck `d 9 � &� �� �
−

�� � `ch
`d 9 � &� �� �

−
�� � . �[ ][_ `]� dZ`d hp[ df dZ[ kb`i^ce n dZ[ g`] m[ih t[ifb^da \]fm i[k `][ ^ch[\ [ch[cd fg

dZ[ spfa`cba
5
�[t[c dZfpeZ dZ[ kd][kk `ch dZ[ g]fcd k\ [[h 8 `][ cfd� q YZ^k ^_\i^[k dZ`d dZ[ \fk^d^fc

fg dZ[ mce[] fg h^k\i`b[] up^h � �^c dZ[ 9 oh^][bd^fc � ^k ^c ` j`a ^ch[\ [ch[cd fg dZ[ spfa`cban f] ^c fdZ[]jf]hk n dZ[ dZ^b�c[kk fg dZ[ ][k^hp`i i`a[]k fg up^h 
 `][ df s[ h[d[]_ ^c[h kfi[ia sa dZ[ hac`_ ^bk `]fpch
dZ[ d^\ fg dZ[ mce[] q

rf] dZ[ [x ^kd[cb[ fg dZ[ kd`d^b ][k^hp`i i`a[]k n ^d ^k c[b[kk`]a dZ`d dZ[ kZ[`] kd][kk `d dZ[ j`ii fg dZ[
bZ`cc[i hf[k cfd [xb[[h dZ[ a^[ih kd][kk fg up^h 
 q rf] [x`_\i[ gf] dZ[ ka__[d]^b b`k[ n dZ^k d]`cki`d[k
^c ` _ `x^_ `i t`ip[ fg dZ[ dZ^b�c[kk n �
�� n h[d[]_ ^c[h sa dZ[ bfch^d^fc

�
 ��� � ��(� * �� � �& � � 5
��

− & � � ≤ �� (� . �� �
YZ^k _ [`ck dZ`d �
�� ^k h[mc[h sa �

− ,���� j^dZ 8
�� dZ[ t[if b^da `d jZ^bZ [�p`i^da ^k `dd`^c[h ^c
�� � n j ^dZ sfdZ � � `ch & � h[\[ch[cd fc 8 q �[ k[[ g]f_ dZ^k dZ`d dZ[ bfch^d^fc �� (�  �� (� ^k ^ch[[h `
c[b[kk`]a bfch^d^fc df mch ` �
��  � q
� ��WXSWV 
�R XTQ WSXR�SXTQ
�c dZ^k k[bd^fc j[ h^kbpkk dZ[ ka__[d]^b b`k[ n ^c ` t[]d^b`i bZ`cc[i q�\`]d g]f_ dZ[ _ `x^_ `i i`a[] dZ^b�c[kk �
�� n `k h[d[]_ ^c[h sa ��� n `cfdZ[] i^_ ^d gf] dZ[ kd`d^b i`a[]
dZ ^b�c[kk b`c s[ gfpch sa iff�^ce `d dZ[ t[if b^d^[k `d dZ[ b[cd[]i^c[ `d 9 � � . z^cb[ dZ[ _ [`c t[if b^da
p\kd][`_ `d # �

−� ^k e^t[c sa dZ[ k\ [[h 8 n f] `bdp`iia sa � ^c dZ[ _ft^ce g]`_[ n dZ[ _`x^_p_
k\[[h `d 9 � � Z`k df [xb[[h dZ^k n kf "−" �� �  � $ `ch dZ[ t[if b^da Z`k df h]f\ hfjc df �[]f jZ[c j[`][ _ft^ce `ifce dZ[ b[cd[]i^c[ dfj`]hk dZ[ d^\ fg dZ[ mce[] q z^cb[ dZ[ h^k\i`b[] up ^h ^k \pkZ^ce dZ[
up^h 
 fpd fg dZ[ bZ`cc[i n ^d b`c s[ [x\[bd[h dZ`d dZ[ _ `x^_p_ t[if b^da j ^ii h[b][`k[ gp]dZ[] n kf dZ`d"−" �� �  �

≥ "" ��� . y[][ \pkZ^ce ^k k[[c `k ` bf_\][kk^t[ kd][kk n j ^dZ "� ≤
� n jZ^i[ `c ^cb][`k[ ^c

t[if b^dan "� ≥
� jfpih ^_\ia dZ`d dZ[ up^h 
 ^k \pii^ce dZ[ h^k\i`b[] � fpd fg dZ[ bZ`cc[i q YZ[ ^c[�p`i^da�

≥ "" �� � \][h^bdk dZ`d dZ[][ j ^ii s [ cf ][b^]bpi`d^fc hfjckd][`_ �^c dZ[ _ft^ce g]`_ [� `ch d]`cki`d[k
^cdf ` b]^d^b`i t`ip[ fg dZ[ i`a[] dZ^b�c[kk q YZ^k t`ip[ gf] � `d jZ^bZ � � "" ��� ^k h[cfd[h sa � ��� � `ch
^d e^t[k ` ifj[] sfpch gf] dZ[ k\ [[h 8 / g]f_ �? � n

8
≥

�
��* ��� � � | �� �

�
−

� ��� � � 8���� � .
�d ^k fsk[]t[h ^c cp_[]^b`i b`ibpi`d^fck fg dZ[ h^k\ i`b[_ [cd ^c ` t[]d^b`i bZ`cc[i n dZ`d � ���� ^k ^c g`bd `
]`dZ[] effh \][h^bdf] gf] dZ[ t`ip[ fg dZ[ `bdp`i dZ^b�c[kk � n ^ q[ q [�p`i^da ^k c[`]ia `dd`^c[h q yfj b`c
dZ ^k s[ pch[]kdffh� �fck^h[] dZ[ k^dp`d^fc jZ[c dZ[][ ^k fcia ` k_ `ii bf_\][kk^t[ kd][kk ^c up^h 
 n
jZ^bZ _ [`ck dZ`d `d dZ[ b[cd[]i^c[ 9 � � dZ[ dfd`i kd][kk

|
�
|
^k b[]d`^c ia k_ `ii[] dZ`c �� (� q � ifce dZ[

b[cd[]i^c[ n jZ[][ `ikf dZ[ kZ[`] kd][kk t`c^kZ[k n dZ^k ][kpidk ^c ` ]^e ^h _ft[_ [cd `ch dZ[ t[if b^da Z`k
df s[ [�p`i df dZ[ t[if b^da `d dZ[ ^cd[]g`b[ q �d b`c dZpk s[ [x\[bd[h dZ`d jZ[c dZ[ a^[ih kd][kk fg 
 ^k
kp� b^[cdia i`]e[ n dZ[ ][b^]bpi`d^fc b]^d[]^fc ^k t[]a `bbp]`d[ q yfj[t[] n ^g dZ[ a^[ih kd][kk �� (� ^k bifk[
df dZ`d fg up^h � n ^d kZfpih s [ [x\[bd[h dZ`d dZ[ k\[[h 8 ^k i`]e[] dZ`c dZ[ b]^d^b`i ][b^]bpi`d^fc k\ [[h q
�ch[[h n k^cb[ dZ[ ^cd[]g`b[ b`pk[k ` gpiia djfoh^_ [ck^fc`i ufj n dZ[][ Z`t[ df s [ bf_\][kk^t[ kd][kk[k ���

��
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r^ep][ � l zZ[`] kd][kk ^c dZ[ djf v^ceZ`_ up^hk n p\kd][`_ `d # � −� q
`ch �'' ^c up^h � n dZ`d [xb[[h dZ[ a^[ih kd][kk �� (� �k^cb[ �� 6

� � spd ��' � � `ifce 9 � �� `ch k^cb[ dZ[
cf]_ `i kd][kk[k `][ bfcd^cpfpk ft[] dZ[ ^cd[]g`b[ n dZ[a j ^ii [xb[[h dZ[ a^[ih kd][kk fg 
 `ch dZ[ t[if b^da
h[b][`k[k gp]dZ[] `ifce dZ[ b[cd[]i^c[ q z^_ ^i`]ian ^g dZ[ t^kbfk^da fg 
 ^k ][i`d^t[ia i`]e[ n dZ[ kd][kk[k
c[`] dZ[ d^\ j ^ii s [ s^e [cfpeZ df �_[id� dZ[ up^h 
 `d dZ[ b[cd[]i^c[ n `ch dZ[ k\[[h h[t^`d[k g]f_ dZ[
][b^]bpi`d^fc k\[[h q YZ[k[ [�[bdk `][ cfd `ii dZ`d bi[`] ^c dZ[ h`d` ^c {|} jZ[][ bf_\`]^kfck fg � `ch� ��� � `][ kZfjc pk^ce t`]^`d^fck ^c dZ[ ]Z[fife^b`i \`]`_ [d[]k �mep][k �� `ch �? ^c {|}� q YZ[ `]ep_ [cd
hf[k e^t[ `c ^h[` n Zfj[t[] n jZa dZ[ i`a[] dZ^b�c[kk h[b][`k[k �j ^dZ ` h[b][`k[ ^c 8 � j ^dZ ^cb][`k^ce a^[ih
kd][kk f] h[b][`k^ce t^kbfk^da fg up ^h 
 n `k ^k fsk[]t[h ^c dZ[ cp_[]^b`i bf_\pd`d^fck q

�[ ][_ `]� dZ`d dZ[ t`ip[ fg ���� � ^k gp iia h[d[]_ ^c[h sa dZ[ g`] m[ih bfch^d^fck n jZ^bZ `][ ^ch[o
\ [ch[cd fg dZ[ spfa`cba

5
q � Z[c iff�^ce `d dZ[ h`d` fg dZ[ i`a[] dZ ^b�c[kk gf] h^�[][cd t`ip[k fg dZ[

spfa`cba
5
n k[[ mep][ � s[ifj gf] ; � � n j[ fsk[]t[ dZ`d dZ[ `bdp`i i`a[] dZ^b�c[kk ^k i`]e[] dZ`c \][o

h^bd[h sa dZ[ ][b^]bpi`d^fc b]^d[]^fc �`k b`c s[ [x\[bd[h g]f_ dZ[ `]ep_ [cd `sft[� n spd gp]dZ[]_f][ dZ`d
^d t`]^[k j ^dZ

5
q

�[ [x\[bd dZ`d gf] i`]e[] t`ip[k fg
5
dZ[ ][b^]bp i`d^fc b]^d[]^fc s[bf_ [k _f][ `bbp]`d[ �k[[ `ikf

mep][ � gf] ; � �� q �c mep][ � ` \ifd fg dZ[ kZ[`] kd][kk ^k kZfjc ^c dZ[ g`] m[ih j ^dZ ][k^hp`i i`a[]k q
YZ[ kif\[ fg dZ[ kd][kk ^c dZ[ b[cd[] \`]d ^k e ^t[c sa dZ[ _fh^m[h \][kkp][ 7
 1 � 
 1 − 5 � �� (� 8 * �� � � njZ[][ 
 1 h[cfd[k dZ[ \][kkp][ e]`h^[cd ^c dZ[ bZ`cc[i dZ`d ^k `\\i^[h df `bZ^[t[ ` dZ]fpeZ\pd fg | �`gd[]kb`i^ce� q YZ^k _[`ck dZ`d ^c dZ[ kd`d^b i`a[]k fg up^h 
 n dZ[ kif\[ fg dZ[ kZ[`] kd][kk ^k e^t[c sa 7
 1 � 5 .
YZ[ _ `x^_ `i i`a[] dZ ^b�c[kk �
�� ^k h[d[]_ ^c[h sa dZ[ kZ[`] kd][kk `d dZ[ j`ii n `k e^t[c ^c �� � q r]f_
dZ[ mep][ j[ b`c bfcbiph[ dZ`d jZ[c

5
^k ^cb][`k[h kpskd`cd^`iian �
 ��� j^ii ^cb][`k[ `ch � j^ii c[[h df

h[b][`k[ n k^cb[ ` kd`d^b i`a[] b`c fcia [x ^kd ^g � hf[k cfd [xb[[h �
�� / spd dZ[][ ^k ` ifj[] sfpch gf]� e^t[c sa ����� . �d ^k dZ[][gf][ [x\[bd[h dZ`d gf] i`]e[ 5 n dZ[ g]fcd k\[[h 8 j^ii `\\]f`bZ 8��� � q YZ^k
^k ][i`d[h df dZ[ ^h[` dZ`d ^g dZ[ _ `d[]^`i dZ`d ^k \pkZ[h `j`a ^k t[]a i^eZd �

5
i`]e[� n dZ[c ^d ^k k^_\ia

\pkZ[h `j`a j ^dZfpd Z ^eZ kd][kk[k n jZ^bZ _ [`ck dZ`d dZ[ a^[ih kd][kk ^k cfd [xb[[h[h `d dZ[ b[cd[]i^c[
^c dZ[ i^eZd up ^h n dZ[][gf][ n sa dZ[ `]ep_ [cd e^t[c `sft[ n 8 � 8��� � q
� PQW 
XQ�U W��QQ� 

�Z[c j[ bfck^h[] dZ[ b`k[ fg `c ^cbi^c[h bZ`cc[i `d `cei[ ; n j ^dZ spfa`cba \`]`_ [d[] 5 n dZ[ k`_ [
`]ep_[cd `k s[gf][ b`c s[ e^t[c gf] ` ifj[] sfpch fg dZ[ g]fcd k\ [[h 8 q zp\\fk[ dZ`d dZ[ d^\ fg
dZ[ mce[] �jZ[][ dZ[ k\[[h t`c^kZ[k [x`bdia � i^[k j ^dZ^c dZ[ 9 o^cd[]t`i {−&� $ &� } n jZ[][ dZ[ up^h 

hfjckd][`_ s[Z`t[k i^�[ ` kfi^h n dZ[c 8

≥
8��� � `k s [gf][ q �fd[ dZ`d `d `ca \f^cd fc dZ[ ^cd[]g`b[ `j`a

g]f_ dZ[ d^\ n dZ[ t[if b^da " j^ii s [ k_ `ii[] n kf dZ`d jZ[c dZ[ d^\ hf[k cfd i^[ j ^dZ^c dZ[ kfi^ho^cd[]t`i ndZ[ [kd^_ `d[ j ^ii s [ i[kk kZ`]\ q
�d kZfpih s [ cfd[h `e`^c dZ`d dZ[ ][b^]bpi`d^fc b]^d[]^fc bfcd`^ck c[^dZ[] spfa`cba f] ^cbi^c`d^fc

`cei[ `ch ^ch[[h n dZ[ b]^d[]^fc hf[k cfd e^t[ `c `bbp]`d[ bf]][k\fch[cb[ j ^dZ cp_[]^b`i ][kpidk ^c `c
^cbi^c[h bZ`cc[i q �[ pk[ dZ[ cp_[]^b`i h`d` \]ft^h[h ^c {|} q zf_[ k^_\i[ h`d` mdd^ce ^ch^b`d[k dZ`d dZ[
\ifdk _ `a s[ i^c[`] ^c k^c ; `ch bfk ; n spd dZ[a `][ cfd i^c[`] ^c dZ[ spfa`cba \`]`_[d[] 5 q YZ[ h`d`

��



`ikf k[[_ df ^ch^b`d[ dZ`d sfdZ dZ[ dfd`i mce[] j ^hdZ |
−
��� � �� � `ch dZ[ \fk^d^fc fg dZ[ b[cd[]i^c[ fg

up^h � $ ��� − �� ��| $ `][ _fcfdfc ^b ^c dZ[ spfa`cba 5 `ch dZ[ ^cbi^c`d^fc `cei[ ; q

r ^ep][ � l YZ^b�c[kk fg dZ[ ][k^hp`i i`a[] ���
−

� ���� � gf] ^cbi^c`d^fc `cei[ ; / dZ[ ifj[] djf mep][k kZfj
dZ[ dfd`i i`a[] dZ^b�c[kk `ch dZ[ b[cd[]i^c[ \fk^d^fc 9� q

z^cb[ dZ[ i`a[] dZ^b�c[kk[k n p\\[] `ch ifj[] n h[\ [ch fc dZ[ spfa`cba `ch ^cbi^c`d^fc `cei[ n jZ^i[
dZ[ tfip_ [ bfck[]t`d^fc �|� `ch ][b^]bp i`d^fc b]^d[]^fc hf cfd n `hh^d^fc`i ^cgf]_ `d^fc kZfpih s [ e`^c[h
g]f_ dZ[ _f_[cdp_ [�p`d^fc q �cgf]dpc`d[ian dZ[ _f_[cdp_ [�p`d^fc b`ccfd s[ ^cd[e]`d[h ft[] dZ[
g`] m[ih \]fm i[k fcian k^cb[ _fkd fg dZ[ t^kbfpk h^kk^\`d^fc f bbp]k c[`] dZ[ g]fcd fg dZ[ ^cd[]g`b[ q YZ[
^cbf_\][kk^s ^i^da fg dZ[ djfoh^_ [ck^fc`i _ `d[]^`i `iifj k fc[ df t^kp`i^�[ dZ[ ufj pk^ce dZ[ bfcdfp]i^c[k
fg dZ[ zdf�[k kd][`_ gpcbd^fc n h[mc[h sa " � � ' $ : � −

� � q YZ[ g`bd dZ`d dZ[][ ^k cf ][b^]bpi`d^fc ^c dZ[_ft^ce g]`_ [ n ^_\i^[k dZ`d dZ[ bfcdfp]i^c[k fg dZ[ kd][`_ gpcbd^fc hf cfd Z`t[ i`]e[ e]`h^[cdk n jZ^bZ b`c
s[ ^cd[]\][d[h `k ` _ ^c^_ ^�`d^fc fg t^kbfpk h^kk^\`d^fc q

�g dZ[ ^cc[] \]fhpbd ^k d`�[c fg t[if b^da � `ch ��� `ch ��� n `ch ^cd[e]`d[h ft[] � $ ^ecf]^ce ^c[]d^`[�[bd gf] k^_\i^b^dan j[ fsk[]t[���
−
 � · �� �� � l∇� � �� 


5: k^c ; � � . ��� �
y[][ j[ Z`t[ pk[h dZ`d ft[] dZ[ ^cd[]g`b[ n dZ[ \][kkp][ n dZ[ cf]_ `i kd][kk `ch dZ[ t[ifb^d^[k `][ bfcd^cpfpk n
kf dZ`d bfcd]^spd^fck g]f_ dZ[ djf up^hk s`i`cb[ l��

−
� · � � �� �� · � � · � � � $
jZ^i[ `d dZ[ fpd[] sfpch`]^[k dZ[ cfoki^\ bfch^d^fc e^t[k

��� �� · � � · � � � $
`ch n mc`iian p k^ce dZ`d dZ[ ^cd[]g`b[ � ^k ` kd][`_ i^c[ n jZ^bZ b`c s[[c h[mc[h `k dZ[ bfcdfp] gf] � � � n

?�



j[ mch dZ`d �� 

5" bfk ; � � 1

−"
5� bfk ; }'�� � �� �'�−� � ��� �# � � .

�e`^c pk^ce dZ[ cfoki^\ bfch^d^fc `d dZ[ bZ`cc[i j`iik n dZ[ m]kd ^cd[e]`i ^c ��� � ][hpb[k df bfcd]^spd^fck
g]f_ dZ[ g`] m[ih n `d # � −� `ch # � � n jZ[][ dZ[ \][kkp][ `ch t[if b^da `][ �cfjc [x\i^b^dian e^t[c sadZ[ !f^k[p^ii[ ufj ^c �?� `ch �� � q �]^d^ce gf] dZ[ \][kkp][ e]`h^[cd `ifce dZ[ bZ`cc[i 
 1 n j[ mch dZ`dc[`] # � −� n 
 �# $ 9 � � −
 1# − 5

k^c ; �9 − � � �� � $
jZ^i[ dfj`]hk # � � k^_\ia 
 �# $ 9 � � −
 1# .
YZ^k _ [`ck dZ`d dZ[ m]kd ^cd[e]`i ^c ��� � ^k e^t[c sa �
 1� � |5 k^c ; �� − ��−�	) � q YZ[ dZ ^]h ^cd[e]`i b`c
`ikf s [ b`ibpi`d[h pk^ce dZ[ [x\][kk^fc gf] dZ[ \][kkp][ n pk^ce dZ`d

�� 

5: k^c ; � − � ��

−
� �
5� k^c ; }��� � �' ���−" �9 � � � �

−
� � 
 9" k^c ; �9 � |

5
k^c ; ��

−
��

|
.

�[ dZpk bfcbiph[ dZ`d dZ[ t^kbfpk h^kk^\`d^fc ^k e^t[c sa

�� � l∇� � −
| �|
 1� � 5

k^c ; ��
−

�� �� $ ����

jZ[][ dZ[ i`kd d[]_ b`c s[ j]^dd[c pk^ce 8 ^c �|� q �sk[]t[ dZ`d dZ^k i`kd d[]_ hf[k cfd h[\ [ch fc |� ndZ[ i[cedZ fg dZ[ bZ`cc[i pch[] bfck^h[]`d^fc n dZ[][gf][ dZ^k h^kk^\`d^fc d`�[k \i`b[ ^c ` ifb`i^k[h ][e^fc
c[`] dZ[ d^\ fg dZ[ mce[] q YZ^k h^kk^\`d^fc b`c cfd s [ h[d[]_ ^c[h j ^dZfpd [x\ i^b^d �cfj i[he[ fg dZ[ kZ`\[
fg dZ[ g][[ ^cd[]g`b[ `ch dZ[ bf]][k\fch^ce ufj c[`] dZ^k ^cd[]g`b[ `ch dZ[][gf][ ^d b`ccfd s [ [x\[bd[h
df kp\\ia ` k^_\i[ ^cd[e]`i b]^d[]^fc gf] dZ[ ufj bZ`]`bd[]^kd^bk q vfdZ dZ[ ^cd[]g`b[ `ch dZ[ kd][kk[k c[`]
dZ ^k ^cd[]g`b[ c[[h df s[ b`ibpi`d[h ^c ` hac`_ ^b`i k^_pi`d^fc f] fdZ[] b]^d[]^` Z`t[ df s [ gfpch g]f_ `
cp_[]^b`i b`ibpi`d^fc fg dZ[ kd[`ha b`k[ q

~ac`_ ^b`i b`ibpi`d^fck Z`t[ s [[c hfc[ sa zbZ ip_s[]e[] \][t^fpkia {|} n s`k[h fc dZ[ hac`_ ^b \]fso
i[_ j ^dZ gpiia djfoh^_[ck^fc`i h^k\i`b[_ [cd bf_\pd`d^fck ^c ` tfip_ [ofgoup^ho_ [dZfh q � fkd fg dZ[
bf_\pd`d^fck j[][ hfc[ j ^dZ ]Z[fife^b`i \`]`_ [d[]k l �

5 $ � � (� $ �� (� $ � � $ �� � � �� $ � .| $ � .� $ � .� � $ � .��� n `ch�� $ � .| $ � .� $ � .��� $ � .� �� n gf] jZ^bZ � ��� � � � .�� `ch � .�� ][k\ [bd^t[iaq YZ[ h`d` kZfjc ^c mep][ � s [ifj n
Zfj[t[] n `][ g]f_ b`ibpi`d^fck ^c `c ^cbi^c[h bZ`cc[i j ^dZ � ��� � � � .|� q zd[`ha b`ibpi`d^fck Z`t[ cfd
s [[c hfc[ n spd j[ jfpih i^�[ df _`�[ kf_ [ ][_ `]�k `sfpd dZ[ h^� bpid^[k j ^dZ kpbZ bf_\pd`d^fck q

� �V� �SXW�
 �		ST�W�
�d ^k kZfjc ^c {�} dZ`d dZ[][ hf[k cfd [x ^kd ` pc^�p[ kfipd^fc gf] dZ[ kd[`ha ^cd[]g`b[ n ^c dZ[ k[ck[ dZ`d
e^t[c `c ^cd[]g`b[ n kp� b^[cdia k_ffdZ n ` kfipd^fc fg dZ[ t[ifb^d^[k f] kd][`_ gpcbd^fc b`c s[ gfpch ^c
dZ[ djf up^h hf_ `^ck �� `ch �� q YZ^k ^_\i^[k dZ`d dZ[ k[i[bd^fc fg dZ[ ^cd[]g`b[ ^k ` hac`_ ^b [�[bd
f] dZ`d ^d ^k k[i[bd[h sa ` _ ^c^_ ^�`d^fc \]^cb^\i[ n gf] ^ckd`cb[ sa _ ^c^_ ^�`d^fc fg t^kbfpk h^kk^\`d^fc q
YZ[ ][b^]bpi`d^fc b]^d[]^fc `ch dZ[ bfcdfp]\ifd fg dZ[ kd][`_ gpcbd^fc k[[_ df ^ch^b`d[ dZ`d dZ[ t^kbfpk
h^kk^\`d^fc ^k ` effh k[i[bd^fc b]^d[]^fc n spd cp_[]^b`i b`ibpi`d^fck kZfpih kpskd`cd^`d[ f] e`^ck`a kpbZ
` bi`^_ q

YZ[ cp_[]^b`i `\\]f`bZ ^k df hf ` ][epi`]^�[h \]fsi[_ n j ^dZfpd ` kZ`]\ ^cd[]g`b[ `ch sa k_ffdZ^ce
fpd dZ[ ]Z[fife^b`i \]f\[]d^[k q YZ[ ^cd[]g`b[ ][epi`]^�`d^fc b`c s[ hfc[ sa _fh[ii^ce dZ[ h^k\i`b[_ [cd
`k dZ[ `ht[bd^fc fg ` \`kk^t[ kb`i`] n k`a ` bfcb[cd]`d^fc � / dZ^k ^k `bZ^[t[h sa ][\i`b^ce dZ[ �^c[_`d^b
bfch^d^fc `d dZ[ ^cd[]g`b[ 9 � & � �# $ �� sa dZ[ `ht[bd^fc!�! � � " !�! # � : !�! 9 � �

? �



j^dZ � � � ^c �� `ch � � � ^c �� q YZ^k e^t[k ` h^�pk[ ][e^fc fg ^cd[]_ [h^`d[ bfcb[cd]`d^fc ^ckd[`h fg
` kZ`]\ ^cd[]g`b[ q YZ[ ^cd[]_[h^`d[ bfcb[cd]`d^fc t`ip[k `][ fc ia fsk[]t[h ^c ` dZ^c ][e^fc h[d[]_ ^c^ce
dZ[ k_ffdZ[c[h ^cd[]g`b[ / gf] `ca _ [kZ\f^cd ^c dZ^k ][e^fc dZ[ bfcb[cd]`d^fcoh[\[ch[cd ]Z[fifea b`c s[
pk[h n gf] [x`_\i[ � �� � � � �� � ��

−
� ��� .YZ[ [�[bd fg dZ[ k_ffdZ ^cd[]g`b[ ^k dZ`d dZ[ h^k\i`b[_ [cd ^k bfck^h[][h `k ` ufj fg fcia fc[

up^h n j ^dZ h^�[][cd ]Z[fife^b`i \]f\[]d^[k `d h^�[][cd \fk^d^fck q �cfdZ[] j`a df h^k_ ^kk dZ[ ^cd[]g`b[
sa bfck^h[]^ce dZ[ up^hk df s[ [�[bd^t[ia fc[ up^h n ^k df mx dZ[ ]Z[fife^b`i \`]`_ [d[]k `k ` gpcbd^fc fg
\fk^d^fc h[d[]_ ^c[h sa dZ[ �[]f bfcdfp]i^c[ fg dZ[ \][t^fpk ^d[]`d[ gf] dZ[ kd][`_ gpcbd^fc � q

YZ[ [�[bd^t[ t^kbfk^da fg dZ^k up^h ^k ][epi`]^�[h sa pk^ce

� ��� � � � ���� �� � � �
j^dZ � ` mx[h n k_ `ii \`]`_ [d[] n `ch `ii dZ[ fdZ[] \`]`_ [d[]k h[\[ch^ce fc dZ[ bfcb[cd]`d^fc � f] dZ[
\fk^d^fc q

�c ` kd][`_ gpcbd^fc gf]_pi`d^fc n dZ[ kd[`ha \]fsi[_ ^k cfj ][hpb[h df ` gfp]dZ f]h[] \]fs i[_
^c � n j ^dZ fcia sfpch`]a bfch^d^fck df s [ \]ft^h[h `d dZ[ sfpch`]a fg dZ[ k\[b^m[h hf_`^c � �kf
j ^dZfpd ^cd[]g`b[� q YZ[ bfch^d^fck `d dZ[ bZ`cc[ik j`iik `][ dZ[ cfoki^\ bfch^d^fck n " � −

8 $ : � � n `ch
`d dZ[ ^co `ch fpdi[d dZ[ bfch^d^fck `][ h^bd`d[h sa dZ[ g`] m[ih t[if b^da \]fm i[k q YZ[ fcia pc�cfjck
^c dZ[k[ bfch^d^fck `][ dZ[ i`a[] dZ^b�c[kk[k �� `ch �� n jZ^bZ j ^ii s [ dZ[ \`]`_ [d[]k ft[] jZ^bZ dZ[
h^kk^\`d^fc ^k _ ^c^_ ^�[h n gf] [x`_\i[ ^c ` kd[[\ [kd h[kb[cd `\\]f`bZ q �c dZ[ kd][`_ gpcbd^fc gf]_pi`d^fc n
dZ[ dZ ^b�c[kk[k `][ h[d[]_ ^c[h sa dZ[ h^kd`cb[ fg dZ[ �[]f bfcdfp]i^c[ g]f_ dZ[ j`ii / ^c dZ[ b`k[ jZ[][
dZ[ ^cd[]g`b[ ^k ][epi`]^k[h j ^dZ ` bfcb[cd]`d^fc � n dZ[ \fk^d^fc fg dZ[ ^cd[]g`b[ kZfpih s [ gfpch g]f_
^cd[]\fi`d^fc q �[ hf cfd [x\[bd dZ[k[ kd[`ha b`ibpi`d^fck df s[ _f][ bfkd [� b^[cd dZ`c dZ[ hac`_ ^b
\]fsi[_ n spd ^d _ `a \]ft^h[ ^ck^eZd ^c dZ[ k[i[bd^fc fg dZ[ g]fcd `ch dZ[ bf]][k\fch^ce i`a[]k q

� ����� ������ ���
YZ[ \]fsi[_ j`k s]fpeZd df dZ[ kdpha e]fp\ sa � q � iifpbZ[ `ch � q� q r]^e``]h n zbZip_s[]e[] ~fj[ii n
	dph[k 
 ! ]fhpbd^fck n � i`_ `]d n r]`cb[ q �fcd]^spd^fck ^c kdpha e]fp\ h^kbpkk^fck sa � q vfj[c n y q
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