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1.1 Intr oduction

Schlumberger Limited is a multinationalcompany supplyingoilfield and information servicesto a
worldwide energy market. Theseservicesinclude both exploration and productiontools ranging
throughseismicandremotesensing,well-loggingandreservoir optimization.Theproblemdescribed
in this reportis relatedto well-loggingvia NuclearMagneticResonance(NMR), a relatively new and
developingtool with potentialto reveala rangeof reservoir propertiesincludingporosityandsatura-
tion, aswell asphysicalpropertiesof thepetroleumdeposit.

In orderto recover this informationfrom NMR spectrathecompany musthave aneffective, effi-
cientandrobustalgorithmto performinversionfrom thedatasetto theunknown probabilitydistribu-
tion on magneticrelaxationtimes.This ill-posedproblemis encounteredin diverseareasof magnetic
imagingandtheredoesnotappearto bean‘off-the-shelf’ solutionwhichthecompany canapplyto its
problem.Company scientistshavedevelopeda sophisticatedalgorithmwhich performswell on some
simpletestdatasets,but they areinterestedin knowing if therearesimplerapproacheswhich could
work effectively, or if somelimited but usefulpropertiesof the densityareaccessiblewith a totally
differentapproach.

Our reportis organisedasfollows. In Section1.2wepresentacarefulandcompletedescriptionof
theproblemandthework alreadydoneby thecompany. In Section1.3wediscussTruncatedSingular
ValueRegularisationandTikhonov Regularisationandshow how some‘off-the-shelf’ Matlab code

1Universityof Victoria
2FloridaStateUniversity
3Universityof Alberta
4McGill University
5SimonFraserUniversity
6TampereUniversityof Technology, Finland
7SchlumbergerDoll Research
8New Jersey Instituteof Technology

5



6 CHAPTER1. INVERSION OF2D NMR DATA

may be usedto goodeffect on the testdatasetsprovided by the company. In Section1.4 we show
thatonecanincorporatehigherorderregularisationinto thecompany’sexisting algorithm,answering
onespecificquestionraisedat thebeginningof the workshop.Finally, in Section1.5 we recordour
unsuccessfulattemptto establishaniterativealgorithmfor thepositivelyconstrainedinversion.Finally
in thelastsectionwe review ourconclusionsandmakesuggestionsfor futurework.

1.2 ProblemDescription

Schlumberger is interestedin usingNuclearMagneticResonance(NMR) analysisfor explorationin
the oil andgasindustry. The modelproblempresentedto our groupat the workshopinvolved the
recovery of a two-dimensionalprobability distribution t[�&@H��AO� on magneticfield relaxationtimesin
two directions,@ , theso-calledlongitudinalrelaxationtime and A thetransverserelaxationtime. The
datacollectedis known to be a convolved imageof the relaxationtime distribution accordingto the
following formula

u �Gv � ��v����w� �5D[Ix^Ry�z
{5|~}"�_��y�z
{���}"��t[�G@H��AZ� u @ u AZ	 (1.1)

Other typesof datacan be collected,involving different convolution kernels,but the forward
model,in any caseis in theform of a 2-D Fredholm Integral of the First Kind . Sincethetransfor-
mationinvolvesa smoothkernel,it is well known thatthecorrespondinginverseproblemis ill-posed
[5, p.2]. Nonethe less,it is importantfor thecompany’s programto provide somesortof stableand
computationallytractableinversionscheme.

The continuousforward model (1.1) is mainly of theoreticalinterestsince in practice,data is
collectedat discretevaluesin the v � v�� -domain.Therefore,for therestof this analysiswe will assume
thedatafunction

u
is replacedby a datamatrix � of dimensionBK����B � . Convolution kernelsare

similarly discretizedasmatrices� � and ��� with dimensionsB � �Y� � andBK���+�Z� respectively anda
discreteform of theequation(1.1) is rewrittenas

�������$���N�� 	 (1.2)

Thediscretedensity � is now an ������� � matrix. � � and ��� are(generally)rank-deficientwith
infinite conditionnumberandsingularvaluesdecayingquickly to zero.So,asexpected,theill-posed
problemleadsto anill-conditionedfinite-dimensionalinversion(1.2).

Threesetsof testdatawereprovidedto our groupfor useduringtheworkshop.Distribution files� wereof size ������� � ��DF�
�+�\D3�
� . Kerneldiscretisationled to � � and ��� of size �
�+�\DF�_� andd
�
�_����DF�_� respectively. Therearereasonablegroundsfor theasymmetricchoicein thediscretisation
grid here. For testinversionproblemswe replacethedata � computedfrom equation(1.2) by ������L�VX��������� �� L8V whereV is mean-zeroGaussiannoise.Theobjectis to recover � . Thechoice
of signalto noiseratio for thevarioustestfileswill bediscussedlaterin thenumericalresultssection.

Supposefor themomentwe take a completelynaive point of view andconvert our problemto a
standardone-dimensionalleastsquaresapproximation

vec����M�[���
�5�W���� ¡ ¢ ��t£I vec�;��¤� ¢ � (1.3)
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wherevec��¥�� representstheoperatormakingavectorfrom amatrixby stackingcolumns,�¦�§� �©¨ ���
is theKroneckerproductof theconvolutionkernelsand tN� vec�g��� . Since� is huge(B � BK�ª�«� � �Z���DF^
�
���
�
�£�\DF�R�F�
�
� ) anddense,we mayhave difficulty fitting it into theRAM memoryof a PCeven
if we ignore the computationalcomplexity of the positivity constraint t­¬ � and ill-posed nature
of the high dimensioninversion! For example,in [3] a similar problemarisingin medicalimaging
wasanalysedusinga CRAY supercomputer. Therefore,we concludethat a numericallyreasonable
approachof thetyperequiredby thecompany shouldtry to work directlywith thefactoredform (1.2).
This observationwasknown to thecompany scientists.For this reason,mostof our analysiswill be
centredon thefactoredproblemof thetype

��§���
���w���� ®;¯_° ¢ ������� �� I �� ¢ �Fro (1.4)

where ¢ ¥ ¢�±(²´³ denotestheFrobeniusmatrixnorm.
Theproblemproposor(L.V.) describedathreestepapproachto thetheoptimisationin (1.4)which

thecompany hasfoundto beeffectiveonthetestdatasets.First,theproblemdimensionis significantly
reducedby projection. The rangeof this projectionis relatedto the singularvaluedecomposition
(SVD) truncationof theconvolutionmatrices.Next, theill-conditioned(but lower-dimension)problem
is regularisedasapositively constrainedTikhonov optimisationin unfactoredform

vec����µ�W�§�
���«���� ¡ ¢ ��t�I vec����+� ¢ � Lx¶ � ¢ t ¢ � (1.5)

where ¶ is theregularisationparameter. Finally, this constrainedproblemis solvedby themethodin
Butler, ReedsandDawson[1] (BRD) which transformsto anunconstrainedoptimisationwith respect
to a derivedobjective function.Details,includingmethodsto choosetheregularisationparameterand
performanceon thetestproblemsmaybefoundin [10].

With this backgroundin placeour groupwasaskedto considerthreelinesof investigation.
First,arethereothernumericallytractable(andpossiblysimpler)approachesto theinversionprob-

lem(1.2)?In thenext section,wedescribethreeanswersto thisquestion.Firstweconsiderusingtrun-
catedsingularvaluedecomposition(TSVD) andTikhonov regularisationon the factoredform (1.4),
greatlyreducingthecomputationalandalgorithmiccomplexity of previousmethods.Performanceon
thetestdatasetsis presented.Wealsoconsiderbriefly adirectGalerkin-typeapproach.

Next, we wereaskedconsiderthepossibilityof extendingtheBRD-methoddescribedby thepro-
posorto higher-orderTikhonov regularization.In particular, canwereplacetheproblem(1.5)with

��\�§�
���«���� ®;¯_° ¢ ������� �� I �� ¢ �Fro Lx¶ � � ¢�· � ¢ �Fro L ¢ � · � ¢ �Fro� (1.6)

where · invokes the discretefirst derivatives on the squarematrix � ? We presentmixed results
for this secondquestionin that we can transformthe problem(1.6) into a standardproblemof the
type (1.5), to which the BRD methodcansubsequentlybe applied,but we cannotarrangethat the
transformedproblemhasthedesirableKroneckerproductstructure.In aslightly differentdirectionwe
considerif thecompany’s ideafor aniterativealgorithmcanbeadaptedto higher-orderregularisation.
Unfortunatelythe sameproblemswhich led to the useof the BRD methodappearto confoundthis
approachaswell.
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Finally, thecompany scientistsbelieve that it maynot benecessaryto obtaincompleteinversion
of theproblembut thatsomemacroscopicinformationaboutthedistributionof relaxationtimes(mo-
mentsor �G@ � ��@¸��� -correlationsfor example)maybesufficient. While this questionmaybeamenable
to aGalerkinapproach,without prior informationabouta restrictedclassof possibledistributionsour
groupsaw no tractableway to makeprogressin this directionduringtheweekof theworkshop.

1.3 TSVD and Tikhonov Regularisation

The Theory

Let usfirst setupaunifiedframework for thesetwo well known regularisationmethodsin non-factored
problems.Considerthediscretelinearsystem

��tN� u (1.7)

where � is B¹�º� . Let ���¼»µk¾½ � bea SVD where k is B¹�º� diagonal,» is B¹�ºB orthogonal,
and ½ is �<�¿� orthogonal.TheTikhonov andTSVD regularisedsolutionsof (1.7)are

t ²~ÀgÁ ��½ÃÂ��gkW���5»�� u (1.8)

where
Tikhonov TSVD

ÂJ�gÄZ�W� ÄÄ � Lx¶ � � Â���ÄZ�W� D�]
Ä if ÅTÄ[Å_Æ§¶� otherwise

is appliedelementwise.Thenonnegative regularisationparameter¶ affectstheamountof smoothing
of the regularisedsolution. Its valuecanbe selectedby minimising the generalisedcrossvalidation
(GCV) function Ç

�g¶ª�[� ¢ ��t ²~ÀÈÁ I u ¢É ���
Ê�ËÌ�g»µk¾ÂJ�gk � �5» � IxÍR�
� � ¢�ÎJÏ ��» � u � ¢Ð5Ñ �Ò� Î �

�
wherethe vector norm is Euclidean, Ï is the Hadamardproduct(elementwisemultiplication), andÎ �§ÓÔ�~�
�ª�Èk¾ÂJ�Èk � ���;IÕD .

Now rememberthatthecoefficientmatrix in (1.7)hastheKroneckerproductstructure

�¦�§� �;¨ ���
where� � is B � �Ö� � and ��� is BK�J�Ö��� with B � BK�Ö¬×� � ��� . As wehaveobserved,thekey to effective
algorithmsis to rewrite formulaein waysthatavoid explicitly forming theKronecker productof full
matrices.

Let �Ø�Ù�5Ë Ð5Ú �
ÛªË(Ü �ÞÝ Ü | PQtZS and �/�Ù�5Ë Ð5Ú �_ÛOË(ß �"Ý ß | P u S . Thenthelinearsystem(1.7) is obtainedby
applyingthevecoperatorto bothsidesof thematrixequation

�������N�� �X� (1.9)

This equationdoesnot involve the Kronecker product. Similar techniquescanbe usedto eliminate
expensiveKroneckerproductsfrom theregularisationformulae,asfollows.
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Let � � ��» � k � ½ �� and ������»;��k[��½ �� beSVDs.Then ��» �Z¨ »��$�$�Èk �Z¨ k[�$�$�g½ �ª¨ ½Ì��� � is anSVD
of � [7, Thm4.2.15].Theformula(1.8) for theregularisedsolutioncanthereforebewritten

� ²´ÀÈÁ � �5Ë Ð�Ú �
ÛªË(Ü �àÝ Ü | PQt ²~ÀgÁ S� �5Ë Ð�Ú �
ÛªË(Ü �àÝ Ü | P���½ ��¨ ½1���5ÂJ�Èk � � ¨ k �� ����» �H¨ »���� � u S� ½1�w¥
�5Ë Ð5Ú �_ÛOË Ü �ÞÝ Ü | PTÂ��gk � � ¨ k �� �gáâËFÊ1��» �� �Y» � �5S
¥R½ �� 	 (1.10)

TheKronecker productformationandmultiplicationin (1.10)only involvesdiagonalmatrices,sothe
formulacanbeimplementedefficiently with appropriatedatastructures.Furthersavingsarepossible
by usingthe“economysize”versionof theSVD of ��� whenBK�ãÆ��Z� .

Similarly, theformulafor theGCV functioncanbewritten

Ç
��¶¸�W� ¢�ä×Ï �g» �� �Y» � � ¢�±(²´³Ð5Ñ �Ò� ä �

�

whereä �§��Ë Ð5Ú �
ÛOË�ß �"Ý ß | PQÓÔ�~�
�ª���gk �Ô¨ k[�$��Â��gk � � ¨ k �� �5�5SFI�D . Hereagaintheonly Kroneckerproducts
areof diagonalmatrices.

Numerical Results

Theproblemproposerprovided � � (of size �
�+�§D3�
� ), ��� (of size d
�_�
�¤�§DF�_� ), andthreedifferentDF�
�µ��DF�
�Ö� matrices.Measurementdatawasgeneratedby addingzeromeanpseudorandomnoiseV
to ������� �� ; thenoisevariancewassetsothat ¢ V ¢�±(²´³ �§�R	G�
U ¢ ���$��� �� ¢�±(²´³ .

Eachof the following regularisations(including SVD andGCV curve computations)took about
12 secondsto computein Matlab5.2 on a 30 MB memorypartitionof a 400MHz Powerbook.The
GCV minimisationappearsto selectreasonableregularisationparameters,andTikhonov andTSVD
regularisationgiveaboutthesameresultsfor all threemodels.ThedataandMatlabcodeareavailable
at http://alpha.cc.tut.fi/˜piche /ips w2003/
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ParameterisedMethods

Our groupbriefly consideredthe possibility of usinga Galerkinapproachto the inversionproblem
(1.1). Thus,wemake theansatz t[�&@H��AO�J� � t[�&@H��A���å¾�g� (1.11)

wherethe t[�&@H��A���å¾�g� area finite setof parameterisedbasisfunctionswith parametervalueså¾� .
We remarkthat this approachreducesto the analysisof the previous paragraphsby the choice

of the basisfunctionsas ‘delta functions’ tJ��¥´���Z�"p©�æ� �O��p©ç�è&@ª�Þ��ARp��$�g¥~� centredon the points of the
discretisationlatticeandtheoptimalparameterselectionis thematrix �� of thepreviousanalysis.As
we have discoveredthis is a high-dimensional,ill-posedand(becauseof the positivity requirement)
nonlinearproblem. Our questionthen is this: Can a judicious choiceof basisfunctionslead to a
significantlysmallerparameterspace(insteadof the10,000- dimensionalspacealreadyencountered)?
Of coursetheill-posednatureof theproblemmustreappearin theGalerkinmethodasthenumberof
basisfunctionsincreases,nomatterhow cleverly thisbasisis chosen.

Thefollowing area few examplesfor thebasisfunctionswhich seemwell-suitedto thetestprob-
lemsgivento thegroup.

1. Gaussianfunctions(å���é�@ ° ��A ° ��ÄÔ��ê�ë )
ì �G@H��AZ�J� Dí ^�îWÄ y�ï
ð$ñ�ð�ñòï

whereóô���&@YI<@ ° ��A£IæA ° � � .

2. Box functionswith centreat �&@ ° ��A ° � , anddimensionof its baseare ^
õ and ^Rö andheight D�]_d
õ1ö .
3. Pyramidfunctionswith centreat �G@ ° ��A ° � , andsquarebasedimensionof ^Rõ and ^Rö andheight�R]÷dRõÌö .
For example,whenusinga basisconsistingof onebox function(åj�Õé Î ��@ ° ��A ° ��õÌ��ö©ë ) to approxi-

mate t[�&@H��AO� theFredholmintegralbecomes

�µø¾�Gv � ��vF�$�ù� ÎdRõÌö ��ú�û
ü
��úýz
ü

��úýû m
��ú�z m ��DWIx^
y�z
{�|G}"�
�$��y�z
{���}"�$�

u A u @
� ÎdRõÌö ��ú�û
ü

� ú z
ü ��DWIx^
y z
{�|~}"� �
u @ ��úýû m

� ú z m y z
{���}"�
u AZ	 (1.12)

Thereis noclosedform solutionto this integral,whichcanonly besolvednumerically.
Basedon this simpleparameterization,theproblemof approximatingt[�&@H��AO� is transformedasa

nonlinearoptimizationproblemstatedasfollows:
For given v �ÿþ PQ�R��� � S~��vF� þ PQ�R���Z��S anddata ����&v � ��v��$� , theobjective is to find å/�Ùé Î ��@ ° ��A ° ��õÌ��ö©ë ,Î ¬�� suchthat ��§���_�5�W���~ ¡ è ��� ��� ø�� ¢ �µøºI �� ¢ �±(²´³ 	
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Unfortunately, dueto time constraintswe wereunableto conductnumericaltestson this optimisation
problemduringtheweekof theworkshop.

We notethat even thoughthis overly simplified approachhasno hopeof establishingfine struc-
tureof theunderlyingdensity, it would beinterestingto seeif macroscopicpropertiesdesiredby the
company scientistscouldbeisolatedwith sucha relatively low-dimensionalparameterisation.On the
otherhand,themethoddependson a priori informationaboutthe the density, likely a fatal flaw for
any robustnumericalpackageof thetyperequiredby thecompany.

1.4 Higher-Order Tikhonov Regularisation

TheTikhonov regularisedsolutiondescribedSection1.3 is theminimiserof theobjective function

D^ ¢ ��t£I u ¢ � L D^ ¶ � ¢ t ¢ � � D^ ¢ ������� �� I � ¢ �±(²´³ L D^ ¶ � ¢ � ¢ �±(²~³ 	 (1.13)

A moregeneralregularisationhastheobjective function’ssecondtermin theform

D^ ¶ � ¢�· � ¢ �±(²´³
wheretheoperator· is chosento penaliseundesiredfeaturesof thesolution. When · hasthesame
Kronecker productstructureas � , thenit is straightforward to developefficient regularisationalgo-
rithmsalongthelinesof theprevioussection.

In thissectionwewill considerthemoredifficult problemof incorporatinganon-factoredregular-
isationterm.For example,setting

· �
DI D DI+D D

. . . . . .

I D DI D è Ü û � � Ý Ü
thediscretefirst derivative,andchangingtheregularisationtermin (1.13)to be

D^ ¶ � � ¢�· � ¢ �±(²~³ L ¢ � · � ¢ �±(²~³ �
in effect regularisesby theboundary valueproblem

�	� �\�§�
� ��D���
1�[���+�G�J��
1�W�§� ��

�H������

�+���(�
DF�[�X�+���(���J�[��� ��

���������
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where
���

denotesthe discreteLaplacian. The boundaryconditionsensurethat · hastrivial kernel
which will be useful for us later. Similar considerationswould allow regularisationwith respectto
higherorderderivatives,for examplereplacing· with thediscreteLaplacianoperatorplusappropriate
boundaryconditionsto ensurea trivial kernel.

Theestimationof � is equivalentto solvingthefollowing problem

��§�§�
�5�W���~ ®;¯_° ¢ ���$	�	~	�y�� Î 	�	�	 ¢ �Fro� � (1.14)

where� � ����� aretheconvolutionkernelsand �� is noisydata.Notethatin thissectionwearekeeping
the notationsimple by assuminga square,��� � unknown � but the methodtrivially extendsto
rectangular� .

Thefirst termin thetwo-dimensionalproblemin (1.14)canbetransformedto a one-dimensional
problemasbefore: ¢ �������N�� I �� ¢ �±(²´³ � ¢ ��t�I �u ¢ � �
wherethevectorst¿� vec�g��� and �u � vec�H��+� areobtainedfrom matrices� and �� , respectively, and�¦�§� �;¨ ��� .

Next, let · ��� · ��Í��E�gÍ ¨ · ��tN� · � tÔ�� · � ��ÍÌ� · � �E� · ¨ ÍR��tK� · ��tÔ�
then ¢�· � ¢ �±(²´³ L ¢ � · � ¢ �±(²´³ � ¢�· � t ¢ � L ¢�· ��t ¢ �� t � · � � · � tÃLxt � · �� · �$t� t � � · � � · � L · �� · �$��t� t � · � · t� ¢ · t ¢ � �
where· is theuppertriangularCholesky factorof thepositivedefiniteandsymmetricmatrix � · � � · � L· �� · �$� .

Assumefor the momentthat · z � is positive in the sensethat · z � ì ¬ � whenever ì ¬ � . Then
with ì � · t theobjective functionin (1.14)becomesone-dimensionalas:

���~ ¡ ¯_° ¢ ��t£I �u ¢ � Lx¶ � ¢ · t ¢ � � ���~ ���� |�� ¯_° ¢ � · z
� ì I �u ¢ � Lx¶ � ¢ ì ¢ �

� ���� � ¯_° ¢ � ì I �u ¢ � Lx¶ � ¢ ì ¢ � �
where � �/� · z � 	 In this casewe suggestto take áâËFÊ1����µ��� · z � �ì asan estimateof the minimiser
in (1.14).

Regardingthe assumptionsmadein the previous paragraphwe note that it is a straightforward
calculationto show that · � · �E� · � � · � L · �� · �$� is abanded,symmetric,positivedefinitematrixwith
non-positive off-diagonalelements.In [9] it is shown that suchStieltjes matriceshave non-negative
(elementwise)inverses.While we have not beenableto prove thesamething for theCholesky factor
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· , we believe it to be true for the generalclassof discretedifferentiationoperatorsthat we have in
mind for applications.In particular, all of our numericalexampleshave exhibited this property. We
suggestthat the generalfact may alreadybe known in the literatureand if not, it would make an
interestingproblemfor futureinvestigation.Perhapsamoreinterestingandimportantissueis to show
that thevalueof theoptimisationproblemabove posedin termsof ì ¬j� is thesameasthevalueof
the t¿¬�� -problemin orderjustify our useof · z � �ì asa rigorousestimatefor áâËFÊ1����M� above.

Finally, aswehavepointedoutbefore,methodswhich involveunfactorisedconvolutionsarecom-
putationallyunwieldyandit wouldbehelpful to comeupwith factoredversionsof theabovetransfor-
mation.

All of thesepointsmerit furtherinvestigation.

1.5 Duality

Extendingthenotationof theprevioussectionwedefine

� �gtZ�[� D^ ¢ ��t¤I �u ¢ � L D^ ¶ � ¢ � t ¢ � (1.15)

andrewrite theoptimisationproblem
� ��  �~���� �Ë � ��tO��� Ð�Ñ"!$# Ë�Ê ÉJÉ 
Öt¿¬X�R	 (1.16)

Herewe areassumingthat the regularisationoperator� andregularisationparameter¶ have been
givento usin advance.

Standarddualityanalysisandtheprincipleof strongduality impliestheKarush-Kuhn-Tuckernec-
essaryoptimalityconditionson t and% (theLagrangiandualvector):

t¿¬��
�&%<¬��R� � %;��t����§�R�(' � ��tZ�W�)%[	
A straightforwardcalculationgives

' � ��tZ�W�§� � ����t�I �u ��Lx¶ � � � �Ytò	
Substitutingthis resultinto theKKT conditionsyieldsour basicoptimality conditions

� �� ����t�I �u �[� I�¶ � � �� �Yt if t��;Æ �
� �� ����t�I �u �W¬ I�¶ � � �� �Yt if t������R	 (1.17)

Here ���Þ�W�M��� denotethe � -th columnsrespectively. An importantpoint to bemadehereis that(1.17)
areequivalentto theKKT-optimalityconditions.

It is possibleto write conditions(1.17)asaclosedform expressioninvolving t . Firstwewriteì ��¶ z � � �u Ix��tO� (1.18)

afterwhich wefind � � �YtN�����+*JPQ�R��� � ì S~	
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Considernow thecaseof first orderregularisationwhere �E�XÍ . Then

tK�§���+*[P �R���N� ì S
andit is temptingto attemptto recover t via aniterative scheme.However, in practicethis approach
leadsto seriousconvergenceproblemsasdescribedin [10]. It is exactly at this point that the BRD
method[1] providesa way to avoid adirectiterativeapproach.Detailsareto befoundin [10].

Theproposorhasaskedif aniterativemethodcanbesalvagedor, failing thatcantheBRD method
be appliedwhen � `�ùÍ . We werenot ableto answerthis questionclearly during the weekof the
workshop,however we recordherefor completenesssomeobservationsmadeby both theworkshop
membersandtheproblemproposor.

First,supposewedefine,Ò��Ó ���
�ª� ¢ ��� ¢ � � , thediagonalelementsof � � � . , is strictly positiveon
thediagonal.Writing � � � t¿�j�g� � �ÕI-,;�5t�L.,Ht we canrewrite theaboveclosedform expression
as tK�§���+*[P �R��, z � ��� � ì IÕ��� � �ÕI/,H�5tZ�5S~	 (1.19)

Herewe areusingthefactthatthe ���+* operatorcommuteswith , .
If wedenoteby 0t theleastsquaresbest(unregularised)solutionwecanfurthersimplify (1.19)as

tN�����+*JP �R��, z � �g¶Zz � �N��� �10t�I tZ�;IX�������ÙI/,;�5tZS
sotheiterativepropertiesof themap

t32 , z � ¶Oz � �N�;�40t¤I.,�z � ��¶Oz � �N���jL×�Ã���ÕI),;��t
needto beexplored.In ouropinion,themainbarrierto convergenceis thenonlineareffect invokedby
the �¤�5* operatorin theabove iterativescheme.

1.6 Conclusionsand Futur eWork

In this reportwe have shown how relatively simple,off-the-shelfcodecanbe effectively appliedto
solve FredholmIntegralsof thefirst kind throughTSVD andTikhonov regularisation.Higher-order
regularisationcanalsobe incorporatedwith someadditionaltechnicaldifficulties,dependingon the
natureof the regularisingoperator. Iterative schemesfor solving regularisedproblemsareknown in
theliterature,but work remainsin orderapplytheseideasto thepresentsetting.

Futur e Work

BidiagonalisationvsSVD: Eldén’s bidiagonalisationalgorithm [2] for computingTikhonov regu-
larisedsolutionsis normally fasterthantheSVD-basedformula(1.8). Developinga versionof
Eldén’salgorithmthatexploits theKroneckerproductstructurewouldbeagoodresearchtopic.
Thework of FaucettandFulton[4] couldbea startingpoint. However, weexpectthata Matlab
implementation(withoutMEX files)of suchanalgorithmwouldprobablynotbeany fasterthan
theSVD-basedalgorithmpresentedhere.
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Factored form of higher-order regularisation: It shouldbestraightforwardto developefficientreg-
ularisationalgorithmswhentheregularisationoperatorhasfactoredform. Devisingsuchpenal-
isationoperatorsis an interestingtopic for futurework. Also, for moregeneralregularisations,
theconnectionbetweenthefirst ordertransformedproblemandthehigher-orderproblemshould
beinvestigated.

Nonnegativeconstraints: A numberof iterative methodsareavailablefor regularisationwith non-
negativeconstraintson thesolution[11][chapter9]. It shouldbestraightforwardto recodethese
algorithmsto exploit Kronecker productstructure. Again, the key to obtainingefficient code
is to eliminateexpensive Kronecker productsfrom formulaeappearingin the algorithm. For
example,thegradientprojectionmethodinvolvestheobjective functionandthegradient.The
Tikhonov regularisationobjective function(1.13)hasthegradient

�N�W�g��t¤I u ��L×¶ � t¿� áâË�Ê1�g�N�� �����$���N�� I � �5� � Lx¶ � ��� (1.20)

Theright handsideformulaeof (1.13)and(1.20)aretheonesto usein theiterativealgorithm.
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