Chapter 1
Inversion of 2D NMR Data
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1.1 Intr oduction

Schlumbeger Limited is a multinationalcompary supplyingoilfield and information servicesto a
worldwide enegy market. Theseservicesinclude both exploration and productiontools ranging
throughseismicandremotesensingwell-loggingandreserwir optimization. The problemdescribed
in thisreportis relatedto well-loggingvia NuclearMagneticResonancéNMR), arelatively new and
developingtool with potentialto reveala rangeof reserwir propertiesncluding porosityandsatura-
tion, aswell asphysicalpropertiesof the petroleumdeposit.

In orderto recover this informationfrom NMR spectrahe compary musthave an effective, effi-
cientandrobustalgorithmto performinversionfrom the dataseto the unknown probability distribu-
tion on magneticrelaxationtimes. Thisill-posedproblemis encounteredh diverseareasof magnetic
imagingandtheredoesnotappeato bean‘off-the-shelf solutionwhichthecompaly canapplyto its
problem.Compaly scientistdhave developeda sophisticateclgorithmwhich performswell on some
simpletestdatasetsbut they areinterestedn knowing if thereare simplerapproachesvhich could
work effectively, or if somelimited but useful propertiesof the densityare accessiblavith a totally
differentapproach.

Ourreportis organisedasfollows. In Sectionl.2we presenta carefulandcompletedescriptionof
the problemandthework alreadydoneby thecompaly. In Sectionl.3we discussTruncatedSingular
Value Regularisationand Tikhonov Regularisationand shav how some‘off-the-shelf Matlab code
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6 CHAPTER1. INVERSION OF 2D NMR DATA

may be usedto good effect on the testdatasetgprovided by the compaty. In Section1.4 we shov
thatonecanincorporatehigherorderregularisationinto the compaly’s existing algorithm,answering
onespecificquestionraisedat the beginning of the workshop. Finally, in Section1.5 we recordour
unsuccessfuttempto establishaniterative algorithmfor the positively constrainednversion.Finally
in thelastsectionwe review our conclusionsandmake suggestion$or future work.

1.2 Problem Description

Schlumbegeris interestedn usingNuclearMagneticResonancéNMR) analysisfor explorationin
the oil andgasindustry The model problempresentedo our group at the workshopinvolved the
recovery of a two-dimensionaprobability distribution f(z, y) on magneticfield relaxationtimesin
two directions,z, the so-calledongitudinalrelaxationtime andy the trans\erserelaxationtime. The
datacollectedis known to be a convolvedimageof the relaxationtime distribution accordingto the
following formula

d(11, ) = //(1 — 2e /e Y f (2, y) da dy. (1.1)

Other types of datacan be collected,involving different corvolution kernels, but the forward
model,in ary caseis in theform of a 2-D Fredholm Integral of the First Kind . Sincethetransfor
mationinvolvesa smoothkernel,it is well known thatthe correspondingnverseproblemis ill-posed
[5, p.2]. Nonetheless,it is importantfor the compaly’s programto provide somesortof stableand
computationallytractableinversionscheme.

The continuousforward model (1.1) is mainly of theoreticalinterestsincein practice,datais
collectedat discretevaluesin the 7, o,-domain. Therefore for the restof this analysiswe will assume
the datafunctiond is replacedby a datamatrix D of dimensionms, x m,. Cornvolution kernelsare
similarly discretizedasmatricesk’; and K, with dimensionsn; x n; andms, x n, respectrely anda
discreteform of theequation(1.1)is rewritten as

D = K,FK?. (1.2)

The discretedensity I’ is now ann, x n; matrix. K; and K, are(generally)rank-deficientwith
infinite conditionnumberandsingularvaluesdecayingquickly to zero. So,asexpectedtheill-posed
problemleadsto anill-conditionedfinite-dimensionainversion(1.2).

Threesetsof testdatawere providedto our groupfor useduringthe workshop.Distribution files
F wereof sizeny, x n; = 100 x 100. Kerneldiscretisationedto K; and K, of size30 x 100 and
4000 x 100 respectrely. Therearereasonablgroundsfor theasymmetriachoicein thediscretisation
grid here. For testinversionproblemswe replacethe dataD computedrom equation(1.2) by D =
D+ E = Ky,FKT + E whereFE is mean-zerdsaussiamoise. The objectis to recover F'. Thechoice
of signalto noiseratio for thevarioustestfiles will bediscussedaterin the numericalresultssection.

Supposdor the momentwe take a completelynaive point of view andcorvert our problemto a
standardne-dimensiondkastsquaregpproximation

ved F') = argmin ||K f — ved D)|? (1.3)
f
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whereved-) representtheoperatomakingavectorfrom amatrixby stackingcolumns K = K;® Ko
is theKronecler productof theconvolutionkernelsand f = ved F'). SinceK ishuge(m;ms xning =
120,000 x 10,000) anddensewe may have difficulty fitting it into the RAM memoryof a PC even
if we ignore the computationalcompleity of the positivity constraintf > 0 andill-posed nature
of the high dimensioninversion! For example,in [3] a similar problemarisingin medicalimaging
was analysedusinga CRAY supercomputerTherefore,we concludethat a numericallyreasonable
approactlof thetyperequiredby thecompaty shouldtry to work directly with thefactoredorm (1.2).
This obsenationwasknown to the compairy scientists.For this reasonmostof our analysiswill be
centredon thefactoredproblemof thetype

F = argmin | Ko FKT — DJ2, (1.4)
F>0

where|| - | r, denoteghe Frobeniugnatrix norm.

Theproblemproposor(L.V.) describedathreestepapproacho thethe optimisationin (1.4)which
thecompaly hasfoundto beeffective onthetestdatasetsFirst, the problemdimensions significantly
reducedby projection. The rangeof this projectionis relatedto the singularvalue decomposition
(SVD) truncationof thecorvolutionmatrices.Next, theill-conditioned(but lower-dimension)problem
is regularisedasa positively constrainedrikhonov optimisationin unfactoredform

vecF) = axg min (| — ved D)+ X°| /) (15)

where is the regularisationparameterFinally, this constrainegroblemis solved by the methodin
Butler, ReedsandDawson[1] (BRD) which transformgo anunconstraine@ptimisationwith respect
to aderivedobjectve function. Details,including methodgo choosetheregularisationparameteand
performancen thetestproblemsmaybefoundin [10].

With this backgroundn placeour groupwasaskedto considerthreelinesof investigation.

First, arethereothernumericallytractable(andpossiblysimpler)approacheso theinversionprob-
lem (1.2)?1In thenext sectionwe describehreeanswergo this question.Firstwe considemusingtrun-
catedsingularvaluedecompositior(TSVD) and Tikhonov regularisationon the factoredform (1.4),
greatlyreducingthe computationahndalgorithmiccompleity of previous methods Performancen
thetestdatasetss presentedWe alsoconsidelbriefly adirect Galerkin-typeapproach.

Next, we wereasked considerthe possibility of extendingthe BRD-methoddescribedvy the pro-
posorto higherorderTikhonov regularization.In particular canwe replacethe problem(1.5) with

A

P = argmin {| Ko P = Dl + A (ILF o+ [PL" o)} (16)

where L invokes the discretefirst derivatives on the squarematrix £'? We presentmixed results
for this secondquestionin that we cantransformthe problem(1.6) into a standardproblemof the
type (1.5), to which the BRD methodcan subsequentlye applied, but we cannotarrangethat the
transformegroblemhasthedesirableKronecler productstructure.In aslightly differentdirectionwe
consideiif thecompary’sideafor aniterative algorithmcanbeadaptedo higherorderregularisation.
Unfortunatelythe sameproblemswhich led to the useof the BRD methodappearto confoundthis
approactaswell.
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Finally, the compaly scientistsbelieve thatit may not be necessaryo obtaincompleteinversion
of the problembut thatsomemacroscopiénformationaboutthe distribution of relaxationtimes(mo-
mentsor (1, x2)-correlationsfor example)may be suflicient. While this questionmay be amenable
to a Galerkinapproachwithout prior informationabouta restrictedclassof possibledistributionsour
groupsaw notractableway to make progressn this directionduringthe weekof theworkshop.

1.3 TSVD and Tikhonov Regularisation
The Theory

Let usfirst setup aunifiedframework for thesewo well known regularisationmethodsn non-factored
problems.Considetthediscretdinearsystem

Kf=d (1.7)

whereK ism x n. Let K = ULV’ beaSVD whereX is m x n diagonal,UU is m x m orthogonal,
andV isn x n orthogonal.The Tikhonov andTSVD regularisedsolutionsof (1.7) are

freg = Vd)(ZT)UTd (18)
where
Tikhonov TSVD
o [ 1)o if|o] >
P(o) = PEESE ¢(0) = { 0 otherwise

is appliedelementwise The nonnegative regularisationparameten affectsthe amountof smoothing
of the regularisedsolution. Its value canbe selectedby minimising the generalisecrossvalidation

(GCV) function
_ 1K fre — dl| ? (lleo (UTd)|\?
G = (trace(U2¢(2T)UT—1)) _( sum(c) )

wherethe vector normis Euclidean,o is the Hadamardproduct(elementwisemultiplication), and
c = diag(Xo(XT1)) — 1.
Now remembethatthe coeficient matrixin (1.7) hasthe Kronecler productstructure

K=K ® K,

whereK; ism; x ny and K, ismgy X ny With myms > niny. Aswe have obsened,thekey to effective
algorithmsis to rewrite formulaein waysthatavoid explicitly forming the Kroneclker productof full
matrices.

Let F' = reshape,,, ., [f] andD = reshape,,,, ., [d]. Thenthelinearsystem(1.7)is obtainedby
applyingthevecoperatorto both sidesof the matrix equation

KyFKT =D (1.9)

This equationdoesnot involve the Kronecler product. Similar techniquesanbe usedto eliminate
expensve Kronecler productsfrom theregularisationformulae,asfollows.
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Let K, = U2,V and K, = U3,V beSVDs. Then(U; @ Us) (X @ ) (Vi @ V)T isanSVD
of K [7, Thm4.2.15]. Theformula(1.8)for theregularisedsolutioncanthereforebe written

Freg = IleShapeng Xnq [freg]
= reshape,,.,, [(Vi @ Va)o(X] @ 33 )(Uy @ Up)"d]
= Vy-teshape, ., [¢(X] ® I3 )vec(U, DUY)] - Vi (1.10)

The Kronecler productformationandmultiplicationin (1.10)only involvesdiagonalmatrices sothe
formulacanbe implementecefficiently with appropriatedatastructures Furthersavings arepossible
by usingthe “economysize” versionof the SVD of K; whenmsy > ns.

Similarly, theformulafor the GCV functioncanbewritten

G(\) = (HC 0 (ﬁg)ﬂ)

whereC' = reshape,,,, ..., [diag((X; ® X2)@(3{ @ X3))] — 1. Hereagaintheonly Kronecler products
areof diagonalmatrices.

Numerical Results

The problemproposemprovided K (of size30 x 100), K, (of size4000 x 100), andthreedifferent
100 x 100 F' matrices.Measurementlatawasgeneratedby addingzeromeanpseudorandomoiseF
to Ko FKT; thenoisevariancewassetsothat || E|| g0 = 0.05|| Ko F' K || fro-

Eachof the following regularisationgincluding SVD and GCV curve computations}ook about
12 secondgo computein Matlab5.2 on a 30 MB memorypartition of a 400 MHz Paverbook. The
GCV minimisationappeardo selectreasonableegularisationparametersand Tikhonov and TSVD
regularisationgive aboutthe sameresultsfor all threemodels.The dataandMatlabcodeareavailable
at http://alpha.cc.tut.fi/ piche lips w2003/
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ParameterisedMethods

Our group briefly consideredhe possibility of usinga Galerkinapproacho the inversionproblem
(1.1). Thus,we make theansatz

fz.y) = Zf(:c,y,Pi) (1.11)

wherethe f(x, y, P;) areafinite setof parameterisetlasisfunctionswith parametewaluesp;.

We remarkthat this approachreducesto the analysisof the previous paragraph$y the choice
of the basisfunctionsas ‘delta functions’ f(-, F;;) = F;;0(x;,y;)(-) centredon the points of the
discretisatiorattice andthe optimal parameteselectionis the matrix  of the previous analysis.As
we have discoveredthis is a high-dimensionalill-posed and (becausef the positvity requirement)
nonlinearproblem. Our questionthenis this: Cana judicious choiceof basisfunctionsleadto a
significantlysmallerparametespacginsteadof the 10,000- dimensionakpacealreadyencountered)?
Of coursetheill-posednatureof the problemmustreappeain the Galerkinmethodasthe numberof
basisfunctionsincreasesno matterhow cleverly this basisis chosen.

Thefollowing area few examplesfor the basisfunctionswhich seemwell-suitedto thetestprob-
lemsgivento thegroup.

1. Gaussiardunctions(P = {zo, yo, o, P})

]_ XT T X
glz,y) = —=e "
2mo

wherex = (x — zo,y — )" .
2. Box functionswith centreat (z, yo), anddimensionof its baseare2a and2b andheight1/4ab.

3. Pyramidfunctionswith centreat (x, yo), andsquarebasedimensionof 2a and2b andheight
3/4ab.

For example,whenusinga basisconsistingof onebox function(P = {¢, zq, vo, a, b}) to approxi-
mate f(z, y) the Fredholmintegral becomes

c zot+a ryo+b
Dp(r1,72) = 1ah / . (1 =2 /") (e ™) dy da
Tro—a Yyo—
c ro+a / Yyo+b /
= — (1 —2e /%) d:r/ e Y dy. (1.12)
dab ), —a Yo—b

Thereis no closedform solutionto this integral, which canonly be solvednumerically
Basedon this simple parameterizatiorthe problemof approximatingf(x, y) is transformedasa
nonlinearoptimizationproblemstatedasfollows:
Forgivenr, € [0,T1], 7 € [0, T3] anddataD(r, ), theobjectiveis to find P = {c. z, 3o, a, b},
¢ > 0 suchthat
F = argmin || Dp — D||2,..
f(z,y,P)
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Unfortunately dueto time constraintsve wereunableto conductnumericaltestson this optimisation
problemduringthe weekof theworkshop.

We notethat eventhoughthis overly simplified approachhasno hopeof establishingine struc-
ture of the underlyingdensity it would be interestingto seeif macroscopi@ropertiesdesiredby the
compaly scientistscouldbeisolatedwith sucharelatively low-dimensionaparameterisatiorOnthe
otherhand,the methoddependsn a priori informationaboutthe the density likely a fatal flaw for
ary robustnumericalpackageof thetyperequiredby the compary.

1.4 Higher-Order Tikhonov Regularisation

TheTikhonov regularisedsolutiondescribedSectionl.3is the minimiserof the objective function
1 2 1 2 2 1 T 2 1 2 2
SIS —dIP + SN S = Sl F KT = Dl + SN F ] B (1.13)

A moregeneraregularisationhasthe objectve function’s secondermin theform

1
SVILFIR,

wherethe operatorL is choseno penaliseundesiredeaturesof the solution. When L hasthe same
Kronecler productstructureas K, thenit is straightforward to develop efficient regularisationalgo-
rithmsalongthelinesof the previous section.

In this sectionwe will considerthe moredifficult problemof incorporatinga non-factoredregular
isationterm. For example,setting

(n+1)xn

thediscretefirst derivative, andchangingheregularisationtermin (1.13)to be
1
5/\2<||LF”%1"0 + ||FLT||%1“0)
in effectregularisesoy theboundary value problem
AdF - 0

F(l1,j) = F(n,j) =0 forally
F(i,1) = F(i,n) =0 forall:
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where A, denoteghe discreteLaplacian. The boundaryconditionsensurethat L hastrivial kernel
which will be usefulfor uslater Similar considerationsvould allow regularisationwith respecto
higherorderderivatives,for examplereplacingL with thediscreteLaplacianoperatomplusappropriate
boundaryconditionsto ensureatrivial kernel.

Theestimationof F' is equivalentto solvingthefollowing problem

F = argmin {1 Ks...ete...||l}0) } (1.14)
F>0

whereK, K, aretheconvolutionkernelsand D is noisydata.Notethatin this sectionwe arekeeping
the notationsimple by assuminga square,n x n unknavn F' but the methodtrivially extendsto
rectangular'.
Thefirst termin the two-dimensionaproblemin (1.14)canbetransformedo a one-dimensional
problemasbefore: A A
Ko P KT — DI, = 1K f — d|>.

wherethevectorsf — ved F) andd = veq D) areobtainedrom matricesF” and D, respectiely, and
K = K; ® K.
Next, let
LF=LFI=(I®L)f=Lf,
FL*=IFL' = (Lo I)f = Lyf,
then
ILF | + 1FL (e = Lo + [ L2f1?

FYLILyf + fTLy Lof
fT(NL'{NLl + LILsy) f

~ J'L'Lf

= |ILfIP
wherel is theuppertriangularCholesly factorof the positive definiteandsymmetricmatrix (L L; +
LI L,).

Assumefor the momentthat L~! is positive in thesensethatz—lg > 0 whenererg > 0. Then
with ¢ = L f theobjective functionin (1.14)become®ne-dimensionaas:

min (I1Kf = dI?+ 2|Tf12) = min (KL g = dJ?+22|g|)
f20 L—1g>0
. > 7112 2 2
< min (|[Kg — d|* + 3g|?)
920

where K = KL, In this casewe suggesto take vec(F") = L~'j asan estimateof the minimiser
in (1.14).

Regardingthe assumptionsnadein the previous paragraphwe note thatit is a straightforvard
calculationto shav that .7 L = (L1 L, + L1 L,) is abandedsymmetric positive definitematrix with
non-positve off-diagonalelements.In [9] it is shovn that suchStieltjes matriceshave non-ngative
(elementwise)nverses.While we have not beenableto prove the samething for the Cholesly factor
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L, we believe it to be true for the generalclassof discretedifferentiationoperatorghat we have in
mind for applications.In particular all of our numericalexampleshave exhibited this property We
suggesthat the generalfact may alreadybe known in the literatureandif not, it would make an
interestingoroblemfor futureinvestigation Perhaps moreinterestingandimportantissueis to shov
thatthe valueof the optimisationproblemabove posedin termsof g > 0 is the sameasthe value of
the f > 0-problemin orderjustify our useof L~!§ asarigorousestimatefor vec(F) above.

Finally, aswe have pointedout before,methodswhich involve unfactorisedcorvolutionsarecom-
putationallyunwieldyandit would be helpfulto comeup with factoredversionsof theabove transfor
mation.

All of thesepointsmerit furtherinvestigation.

1.5 Duality

Extendingthe notationof the previous sectionwe define
1 A 1
Q) = SIKf —d* + A IDFI (1.15)
andrewrite the optimisationproblem

Minimize Q(f), subject to f > 0. (1.16)

Herewe are assuminghhat the regularisationoperatorD andregularisationparameter\ have been
givento usin adwance.

Standardluality analysisandthe principle of strongduality impliesthe Karush-Kuhn-Tucker nec-
essaryoptimality conditionson f andyu (theLagrangiardualvector):

f=0, p=>0, Z/h’fizo; VQ(f) = p.

A straightforvard calculationgives
VQ(f) = K'(Kf—d)+ XD"Df.
Substitutingthis resultinto the KKT conditionsyieldsour basicoptimality conditions
KIN(Kf—d)y= =X2DTDf if fi>0
(1.17)
KINKf—d)> —=NDI'Df if f;=0.

HereK;, D, = denotehei-th columnsrespectiely. An importantpointto be madehereis that(1.17)
areequvalentto the KKT-optimality conditions.
It is possibleto write conditions(1.17)asa closedform expressiorinvolving f. Firstwe write

g=\2d-KJ) (1.18)

afterwhich we find
DY Df = max|[0, K*g].
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Considemow the caseof first orderregularisationrwhereD = I. Then
f = max[0, K" g]

andit is temptingto attemptto recover f via aniterative scheme However, in practicethis approach
leadsto seriouscorvergenceproblemsasdescribedn [10]. It is exactly at this point that the BRD
method[1] providesawayto avoid a directiterative approachDetailsareto befoundin [10].

Theproposomhasasledif aniterative methodcanbe sahagedor, failing thatcanthe BRD method
be appliedwhen D # [. We were not ableto answerthis questionclearly during the week of the
workshop,however we recordherefor completenessomeobsenationsmadeby both the workshop
membersandthe problemproposor

First, supposave definel’ = diag(|| D;||?), thediagonalelementof D D. T is strictly positive on
thediagonal.Writing D* D f = (D"D —T') f + I'f we canrewrite theabove closedform expression
as

f=max[0, Y (KTg — (D'D - 1f)]. (1.19)

Herewe areusingthefactthatthe max operatorcommuteswith I,
If we denoteby f theleastsquaredest(unregularised)solutionwe canfurthersimplify (1.19)as

f=max{0, [T APKK(f = f) = (D"D = T)f]
sotheiterative propertiesof themap
foT I\ 2KT'Kf T '\ 2KT'K + DD -1 f

needto beexplored.In our opinion,themainbarrierto corvergences the nonlineareffectinvokedby
themax operatotin theabove iterative scheme.

1.6 Conclusionsand Futur e Work

In this reportwe have shavn how relatively simple, off-the-shelfcode canbe effectively appliedto
solve Fredholmintegralsof the first kind throughTSVD and Tikhonov regularisation.Higherorder
regularisationcanalsobe incorporatedvith someadditionaltechnicaldifficulties, dependingon the
natureof the regularisingoperator Iterative schemesgor solving regularisedproblemsareknown in
theliterature,but work remainsn orderapplytheseideasto the presentetting.

Futur e Work

Bidiagonalisationvs SVD: Eldén’s bidiagonalisatioralgorithm[2] for computingTikhonov regu-
larisedsolutionsis normally fasterthanthe SVD-basedormula (1.8). Developinga versionof
Eldén’s algorithmthatexploits the Kronecler productstructurewould be agoodresearchopic.
Thework of FaucettandFulton[4] couldbea startingpoint. However, we expectthata Matlab
implementatior{without MEX files) of suchanalgorithmwould probablynotbeary fasterthan
the SVD-basedlgorithmpresentedhere.
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Factored form of higher-order regularisation: It shouldbestraightforwardto developefficientreg-
ularisationalgorithmswhentheregularisationoperatomasfactoredform. Devising suchpenal-
isationoperatorgs aninterestingtopic for future work. Also, for moregeneralregularisations,

theconnectiorbetweerthefirst ordertransformegroblemandthehigherorderproblemshould
beinvestigated.

Nonnegatie constraints: A numberof iterative methodsare availablefor regularisationwith non-
negative constrainton the solution[11][chapter9]. It shouldbe straightforwardto recodethese
algorithmsto exploit Kronecler productstructure. Again, the key to obtainingefficient code
is to eliminate expensve Kronecler productsfrom formulaeappearingn the algorithm. For
example,the gradientprojectionmethodinvolvesthe objectie function andthe gradient. The
Tikhonov regularisationobjectie function (1.13)hasthe gradient

KY(Kf —d)+ N f = vec(K] (Ko FK] — D)K| + \*F) (1.20)

Theright handsideformulaeof (1.13)and(1.20)aretheonesto usein theiterative algorithm.
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