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2.1 Problem Description and Methodology

The mainaim of this projectwasto begin a modellingeffort directedat optimizing the warrantyand
guality costsassociateavith the productionof a systemwith bothhardwareandsoftwarecomponents.
Thisoptimizationwould beconstrainedby theneedio maintainreliability of theproductwhile staying
within anoperationabudget.For amoredetailedproblemstatementsee[1]. Ouraimwasto identify
importantquality attributes,and captureoverall trendsin costsandwarranties.More concretely our
goalswere:

¢ |dentifying the majorquality-relatedattributesof interest,denotedby avectorq,

e Modellingthekey indicatorsof thereliability constraintthefailurerate(FR(q)) andtheseverity
level (SL(q)),

¢ Modelling the costof building aproductto a certainquality level, C'(q),

¢ Modelling thewarrantycostsof a productbuilt to a certainquality level, W (q).

The optimizationmodelis to minimize the sumof the quality andwarrantycostsover the entire
classof admissiblequality-relatedattribute vectors.This proceduras accomplishedvhile simultane-
ously ensuringthatthe failure rateremainsbelov a specifiedmaximumFR,,,.,. andthe severity level
remainsabove agivenminimum SL,,;;,, with a givenprobabilitylevel p. In otherwords,determine

Fopt = m(}n(C’(q) +W(q)), (2.1)
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26 CHAPTERZ2. MODELLING QUALITY AND WARRANTY COST

subjectto
P(FR(@) < FRuax) <p,  P(SL(q) > Skuin) < p (2.2)

over all admissibleq. In this projectwe did not performthis optimization,focusinginsteadon the
modellingof thefunctioninvolved.

It is importantto noteat this juncturethatno raw datafrom Lucentwasprovidedfor this project,
nor did we have specificinformation aboutthe particularproductsbeingbuilt. 1t wasthereforenot
feasibleto useexisting hazard/risknodelsfor the variouscomponentsOur modellingeffort wasthus
critically dependenon discussionsvith theindustrialcontact,Prof. VeenaMendiratta.ln the section
onfuturedirectionswe make a seriesof recommendationghich will helprefinethemodelsinvolved.

We systematicallyidentified the key quality-relatedattributes, describedby a quality vector q,
which could be measuredand quantified. We then developedreliability, warrantyand costmodels
basedon these.As our discussiongprogressedit becameclearthatthesequality attributeswere not
all independentNor werethey all equallyimportantindicatorsof overall quality. It is thuspossibleto
simplify the modelsconsiderablyby focusingon the effectsof the mostimportantattributes,making
the optimizationproblem(2.1) simplerto solve. In practice,oncecostfunctionsandparameterfiave
beenpickedonthebasisof standardazardnodelsjt will bepossiblevia scalingalgumentdo achieve
furthersimplification.

With aview to illustratingqualitative trendspredictedoy our models we generatedometestdata
(seeSubsectior.8), andran our modelson them. The graphspresentedn this reportaretherefore
notlinkedto ary truedata,andsene only to provide qualitatve information.

2.1.1 A RoadMap

Thefollowing list detailsthe strateyy for thisreport. Figure2.1illustrateshow the varioussectionsof
thereportinterconnect.

Section2: In this sectionwe identify the quality-relatedvariables,q, which drive the various
costsassociatedavith a product,andover which the optimizationwill occur Thefactthatmary
of thesevariablesarenotindependenwvill be dealtwith laterin thisreport.

Section3: Here,we develop modelsfor the reliability constraintsthe failure rate FR andthe
severity levels SL. As well asproviding somegraphicalinsightinto the dependencef these
modelsonthequality q, we alsodiscusshow thesefailureratesdeterminethe probability of the
variousmodesof failure. Theseprobabilitiesplay arole in determiningthe warrantycostsof a
product.

Section4: At this pointin the reporta modelfor C'(q), the costof implementatiorof a given
quality level q is proposed.

Sectionb: Thiscontainghedevelopmenbf thewarrantymodelsfor hardwarelV;,, andsoftware
Wsw aspect®of aproduct.

Section6: Herewe combinethe modelsto summarizehetotal proposedptimizationproblem.

Section7: A sensitvity to parameterss discussedproviding insightinto therelatveimportance
of termsin the variousmodelsthathave beenintroduced.
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Figure2.1: Illlustratedarethe varioussectionsof this reportandhow they interconnect.

Section8: Broadtrendsin the proposednodelsare generatedy drawing the quality-related
variablesrom a givenprobability distribution. Two casesareconsideredeachcharacterizedy
the probability distribution beingused.

2.2 Quality Attrib utesVector

We beagin by identifying theimportantquality-relatedattributeswhich areboth salientandmeasurable
in the context of this project. Theseattributesfall into two broadcateyories— hardware-relatecand
software-related- andthe optimizationof the total costwill be performedover theseattributes. In
practice,mostof theseattributeswill be measuredstatistically In the absenceof raw data,we are
unableto provide statisticalmodelsfor theseattributes,whichwill changedependingon the product.
Mathematicallytheseattributesaregatheredn a quality vector

q= (q17qQaQ37 "'7Q9) €D := [07 1]9

The costwill be optimizedas a function of q € D, subjectto certainreliability constraints. We
have scaledtheseattributesg; to take on valuesbetween0 and1 for corvenience.This enablesisto
comparefor example,a quantityoriginally measuredsa percentagavith onemeasureésa number
betweerD and10. Whenusingthemodelin application,it will beimportantto identify the unitsused
andcorvertthemif necessary

Thevariousquality attributesaredescribedelow.

HARDWARE:

q1: Componenguality. In practicemeasure@sa failureratepercentag@eryear Here,thisrateis
cornvertedto ascalefrom 0 to 1, andis calledg;.
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¢2: Infant mortality factor (IMF). Measuredastheratio of theinitial failurerateto the steady-state
failurerate,thisis anumberbetweerl and?2. In this project,we usethe scalingg, = measured
infantmortality factor—1.

q3. Diagnosticscapability. This attributeis denoted;; andlies betweer0.8and1. In practicei|t is
measure@sa percentagetypically betweer80 and100.

q4: Working ervironmentrange. Thevariableg, is definedasthe amountby which the constructed
working rangeexceedshe specification®f the device. For example,supposéhe device is in-
tendedo operatebetweer()°C and100°C, but is built with aworking rangeof —10°C to 125°C.
Theconstructedvorking rangeexceedgshe operationakpecificationdy 10°C onthelowerend,
andby 25°C on the higherend. Thus,we would computeg, = (10 + 25)/(workingrangg =
35/100 = 0.35.

Fromthe descriptionof thesehardware-relatedattributes,it is notimmediatelyobviouswhich arethe
bestindicatorsof overall quality.

SOFTWARE:

gs: Softwae developmenernvironment{SDE). Denotedys, this describeghe overall quality metric
of the softwaredevelopmentprocess.

qe. Codecompleity. Thismetricmeasurethecompleity of acodebasednavarietyof indicators.
Essentially the more complicatedthe interactionsbetweendifferentpartsof a large code,the
harderit is to ensurereliability.

g7- Stabilityindex. Typically anumberbetweer0.8and1, this metricdescribegherobustnes®f a
codeoverlongerperiodsof time.

gs: Coverage testing This attribute describeshow comprehensiely eachmoduleof the codehas
beenchecled.

q9: Fault density This measureshe numberof failuresper1000linesof code.We expresghis asa
fractionbetweerD and1.

The SDE index clearly seemdo include,or be affectedby, the othersoftware-relatedattributes. We
expectagoodmodelwill thereforebevery sensitveto changesn ¢s. In particularcasesthesequality
attributesmayberestrictedo tighter“operatingranges™y the compaiy’s productionpolicies.

2.3 How dowe Model the Reliability Constraints?

The optimization of the costsof quality and warrantywould be straightforvard in the absenceof
certainreliability constaints. Theseconstraintsare identified as benchmarkspr standardswhich
mustbe metby arny product.The quality attributesmustbe choserto meetor exceedthesestandards.

Prior to prescribingthe natureof the constraintswe needto modelthe indicatorsof reliability
whichwill beused.Therearetwo majorindicators,onefor hardwareandonefor software.



2.3. HOW DO WE MODEL THE RELIABILITY CONSTRAINTS? 29

HARDWARE:

Failur e Rate (FR): thisis describedoy the systenfailure rate peryear andincludesthe
effect of thecomponentfailurerateq;.

SOFTWARE:

Severity Levels(SL): rangedn scalefrom 1 to 4, whereSL = 1 is a catastrophidailure,
andSL = 4 isaminor error.

Thereliability constraintswill beinterpretedn termsof theseindicators—thefailurerateFR mustbe
below a certainprescribedsaluewith high probability, andthe severity level SL muststayaway from
the catastrophidailureswith high probability. Thisis illustratedin expression2.2).

2.3.1 Modelling the Failure Rate

Thefailurerateusedin thecharacterizatioof reliability combinesseveralfactorsincludingthefailure
rateof thecomponentthemseles,therobustnes®f theoverallarchitecturetheinfantmortality factor
(IMF) andtheworking ervironmentrange.

We identifiedthe broadtrendsthatthe failure rateexhibitedin threeof the quality attributes:com-
ponentfailure rate ¢, the infant mortality factor ¢, andthe working ervironmentrangeq,. As the
componenfailure rate¢; increasesso doesthe overall failure rate. Likewise, if the IMF ¢, is high,
thefailurerateis large. The effect of theworking rangeenvironmentg; is opposite:if the constructed
working rangeis largerthanthe specsthedevice is morerobustandthusthefailure rategoesdown.

We proposedwo modelswith increasingcomplexity thatexhibit this behaiour. Our discussions
revealedthatin this specificcontext the failure ratewasdescribedargely in termsof the component
quality.

Thefirst modelFR,; (q) is asimpleone,with 3 free parameterd;, f,, and fs:

FRi(q) = FRi(q1,¢2,04) = fian + fa g2 — f3(1 — ¢1)qu. (2.3)

The nonlinearterm — f5(1 — ¢;)q4 enterssincethe failure rate shoulddeceasewith larger working
ervironmentrangeq,, however the systemwill neverthelesde affectedby poor componentailure
ratesq;. Thesetwo effectsarethereforecompeting.

Figure2.2belov shovsfour graphselatedto failureratemodelFR;. Thefirst threegraphsexhibit
thetrendsof thefailureratewith respecto theindividual attributesq, ¢2, 4. Thelastgraphdepictsa
surfaceplot describingfailureratetrendswheng; andq, areallowedto change.

The next failure rate modelwe proposeis manifestlynonlinear and aimsto bettercapturethe
importanceof the componenfailure rate ¢; on the systemfailure rate FR. The free parametersire
denotedfi, fo, f3 and f;. As before,the failure rate FR dependson the quality vector q, but in
particularonthe attributesq,, ¢z, q4.

FR2(q1, G2, q1) = f1 e + f3q007 — fi(1 — q1)qa. (2.4)

The rationalefor picking this modelis asfollows: first, the systemfailure rate FR(q) increasesvith
poorercomponentguality, with this rate of changedependingon ¢;. Thereforethe dependencef
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Figure2.2: Failure RatemodelFR, asa functionof (a) componentguality ¢, (b) infantmortality ¢,
(c) working ervironmentrangeq,, and(d) both¢; andq, togetheyg, = 0.3.
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Figure2.3: Failure RatemodelFR, asafunctionof (a) componentjuality ¢;, and(b) infantmortality
qz.

FR, ong, is modelledby anexponential.Secondtheinitial mortality rateq, impactstheoverallfailure
rate,but evenif this IMF is low, a poorquality componentill impactthefailurerateadwersely

Thetwo graphsn Figure2.3 usethefailure model(2.4) for FR to describethe broadtrendsin the
modelwith componenfailurerateq; andinfantmortality factorg, andcanbecomparedo Figure2.2.
In Section2.8 we show the effect of inputting severalinstancesf q, drawvn from testdata,into the
modelFR,.

2.3.2 Modelling the Severity Level

Softwarefailuresare characterizedn termsof varying severity levels (hereafterdenotedSL), where
anSL = 1 isacatastrophidailure,while anSL = 4 is aminorfailure. In this sectionwe presensome
modelsdescribingtherelationshipbetweerthe quality vectorq andthe SL.

In thecontext of this specificproject,we determinedhattheseverity levelsof softwarefailurewere
impactedby the softwaredevelopmenternvironmentgs, the codecompleity ¢g, the stability index ¢,
the coveragetestingqs andthe fault densityqy. The modelwe proposefor the severity levelsis not
anadditive/linearone. We believe thatthe choserfunctionalform capturesvell thetrendsin severity
levelsasfunctionsof theindividual attributes,aswell astherelatve importanceamongsthesefactors.
Therearesomefree (nonngative) parameteren the model, sy, s, s3, s4, s5. Theseverity level SL as
afunctionof q is:

SLi(q) = SLi(gs, g6, g7, Gs, Go) = s1€°2/%7O8Imsalas=0U [ /G0y (1 4 g5 — g3)™q2] . (2.5)

To describethe effects of coveragetestinggs, we notedthat as ¢z increasesthe likelihood of
catastrophisoftwareerrordecreasesincemoreof the softwareis validated.Similarly, asthe number
of faultsper 1K lines, ¢y, increasesso doestherisk of catastrophierror Keepingin mind the scale
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Figure2.4: Severity levelsasa function of the variouscomponent®f the quality-relatedvector: (a)
SDE ¢;, (b) SDEandcodecompleity (gs, gs)-

on whichwe measuresL, thedependencen ¢z andg, is modelledby exponentialswith appropriate
signs,penalizingdeviationsfrom high-quality

Basedon discussionswe modelledthe dependencef SL on the stability index ¢, by a quadratic,
sinceamorestablecodeis lessproneto severesoftwarefailures.

As the softwaredevelopmenternvironmentindicatorg; increasesthe typesof softwarefailuresget
lesssevereandthe SL increases.Poor quality developmentervironmentimpactsthe severity level
more. Thatis, 9(SL)/dg; shouldbelargerfor smallvaluesgs. This behaiour is capturedwell by the
squarerootfunction.

The oppositetrendis exhibited asa functionof codecompleity ¢s. Whenthe codecomplexity is
low, the overall softwareis lessproneto severeerrors,puttingthe SL index in thehighrange.After a
certainthresholdcompleity is exceededthe effect of compleity onthe severity levelsbecomedess
dramatic.To capturethis behaiour, thedependencef SL on ¢ is describedy (1 + g5 — ¢2)** where
sy < 1.

While discussingSL it appearedhatthe attributesgs, g9, the coveragetestingandfault density
werewell-predictedby thesoftwaredevelopmenernvironment,gs. Thereforewe assumedhatatleast
for the purposeof modellingseverity levelsasa functionof q, we couldwrite

gs = Kggs, g9 = Kygs. (2.6)
This suggests possiblesimplificationto the severity level model:
SLy(q) = SLa(gs, g6, q7) = s1e™ 178 [ /g5 + (1 + g6 — ¢3)™¢?] - (2.7)

wheres; ands, areasin model(2.5), while s; = s, K| — s3K{. Thetrendsin the severity level are
graphicallydescribedn the Figure?2.4.
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Failure (81, 84, 85)

type (2.46,0.4,1) (2.46,0.6,1) (2.46,0.4,2) (2.46,0.4,3)
SL e (0,1.5) 0.1% 0.01% 0.01% 0.02%
SL e (1.5,2.5) 0.9% 0.1% 0.1% 0.8%
SLe (2 5, 3 5| 12.7% 14% 29% 43.5%
SL € (3.5,4.5) 87.2% 85.8% 70.4% 55.6%

Table2.1: Predictedlistribution of severity levelsfor varioussetsof (s, s4, $5).

Evenwith this simplification,the severity modeldescribedoy equation(2.7) is highly nonlinear
How is oneto choosethe exponents,? Doesthis modelactually capturethe obsened behaiour of
softwaresystemavhenthey arebuilt within a givenrangeof quality?

To answerthesequestionswe first determinecthe heuristictrend: if the software development
ervironmentys, thecodecompleity ¢ andthestabilityindex ¢; werein thehigh-end thenthenumber
of software failuresclassifiedas SL = 1 (catastrophicshouldbe lessthan0.1%, SL = 2 failures
shouldbeaboutl %, SL = 3 failuresshouldbelessthan10% andSL = 4 failuresshouldbeabouts5%.
A goodreality checkfor our SL model(2.7)is to draw (gs, g6, gz) from a given setof distributions.
For our first simulationwe take (gs, gs, ¢7) from normaldistributionswith meansus = 0.8, ug = 0.4,
w7 = 0.8 anda commonvariances? = (.05 sothatgs ~ N(0.8,0.05), ¢g¢ ~ N(0.4,0.05) and
g7 ~ N(0.8,0.05). Theprobabilityof eachSL failuretype canbe computedhrough

p1(95, 4o: 47) € 2[SL(gs5, g6, a7) = i}
[L{(q67q67q7) € Q}

whereQ := {(¢%, 45, ¢4)1P|gs ~ N(0.8,0.05), g5 ~ N(0.4,0.05), g7 ~ N(0.8,0.05)} is asetof 1000
i.i.d. testdatapointsdravn from theapproprlatenormaldlstrlbutlons andu(S) is thevolumeof a set
S. We shaw in Table2.1these(approximatepercentagefor a few choicesof s;, s5 and,critically,

s5. We notethattheserangesarenot obtainedirom Lucent,but areusedbecausehey seemconsistent
with a high-endproduct. The code-compleity ¢; wassetto be mid-rangesincea marketablesystem
would have a certainminimal level of compleity, but high compleity wasundesirable.

9

Probabilityof anSL type: failure =

2.4 The Costof Quality Implementation

Having identifiedthe constraintan the previous section,we now describethe costsassociatedvith
building a productwith given quality vectorq. Our discussiorrevealedthat the largesteffectson
the costweredueto maintaininga high softwaredevelopmentervironmentgs;, andalow component
failurerateq;.

Themodelfor the costof quality, C'(q) whichis proposedn this projectis

Cla) = Chw+ Csw
= C1e7N + cy(qy + )% + 3q3 + ca(qu + ¢})? + fixed hardV\arecosts}
(2.8)

+ Cse%5% 4 cqq + crq7 + ——— + fixedsoftwarecosts
ds T Cq
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Figure2.5: Behaviour of the quality function. (a) Trendin costof quality asa functionof component
failurerateq; andSDE ¢s5. (b) Trendof costof quality in individual attributesg;.

HereC, C1, Cs, CL, o, ¢, c3, ¢4, €, 6, C7, C9, ¢y @reconstanparametersrhichneedio bedetermined
by fitting actualdatato the model.

The first term of the hardware and software portionsin this modelcapturethe importanceof the
componenfailurerateq; andthe softwaredevelopmenternvironmentgs in the overall costmodel. As
¢1 decreasesheoveralllik elihoodof failuredecreasesrl hisimprovementcostsmore,especiallyafter
acertainthresholds achiezed. Improvementseyondthislevel areincreasinglyexpensve,ascaptured
by an exponentialfunction with the negative exponent. On the otherhand,as SDE ¢; increasesthe
softwaredevelopmentervironmentbecomedetterandthuscostsmore. Thesetrendsarecapturedn
Figures2.5(a)and(b).

Thetermscollectedin equation(2.8) underhardware describethe effectsof the infant mortality
rate ¢,, the diagnosticscapability g3 andthe working ervironmentrangeq,. In termsof the overall
hardware quality costs,theseare higherordereffectsin the sensethat their contribution may not be
assignificantasthatof the componentailurerate,q;. Thisreasoninglictatedthe functionalrelation-
shipsasbeingat bestquadratic. Similarly, the costscollectedundersoftwae describethe effects of
controllingthe codecompleity ¢; andthe stability index ¢;. Thesecostscontribute lesssignificantly
to the overall quality costsfor the software thanthe software developmentervironmentgs. Indeed,
the effectsof increasinghe coveragetestinganddecreasinghe fault densityarecapturedto alarge
extent) by the costof ¢;, andarethereforeignoredin this costmodel. Thetrendsof the costaseachof
theseattributesvary is picturedgraphicallyin Figure2.5. Theresultsusingthetestdataaredescribed
in Section2.8.

2.5 The Warranty Costs

Warrantycostscanbe broadlybrokenup into the hardwareandsoftwarecosts,andwe thusmodelled
eachof theseseparately As in the costof quality, the dominantfactorsinvolved arethe component
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failureratesy; andthesoftwaredevelopmenervironmentys. We now presenamodelfor thewarranty
costsWW(q) expresseds

W(q) = Wiw(a) + Wsu(q)-

In this projectwe do not attemptto presenta modelfor finding an optimalwarrantypolicy. Our
attemptis to modelthe effect of changingguality on warrantycostsfor a given,fixedwarrantypolicy.
This distinctionis animportantone. Clearly, the policiesthemseleswill changeconsiderablyif the
averageproductquality attributeschangea lot. This modeldoesnot accountfor this, at leastin the
hardware costs. However, asa first approximationjf we assumehe q vectorstayswithin a certain
range,the warrantypolicy may be consideredixed, andwe candescribethe effectson the warranty
costsof changingg within thisrange.

2.5.1 The Hardware Warranty Costs

Hardware warranty costsare characterizedy the four major typesof hardware failuresseen: no
troublefound(NTF), repaired, junked, andfurther failure modesanalysis(FMA). Of thesethe NTF
costsarethesmallestput thesuppliermaywishto penalizeéhese Themodelshouldbeflexible enough
sothatanoptimizationwill ensurehatmostof the errorsfall into thesecondrepaired)cateyory.

Empirical datawill be ableto describethe obsered probabilitiesp;, p», p; andp, of seeingthe
variouswarranty-relateccosts(NTF, repait junk, and FMA, respectiely). Theseprobabilitiesare
computedbasedon the assumptiorthatthe quality vectorq lies within a particularrange but arenot
sensitve to variationswithin the range. Thereis alsoa standardizedlollar amountw, ws, w3, wy
associateavith eachof these.

The standardvarrantycostmodelsimply computegshe expectedcost £(C') = Zle p;w;. As a
resultthis standardnodelfails to capturehe mostimportanttrend,thatof changingcomponentailure
rateq,, onthe hardwarewarrantycosts.

To includethe effectsof quality, we penalizethesefour kinds of failuresto variousdegrees.This
will allow the user for example,to explicitly adjustthe model so that NTF failuresare reduced.
This allows for greaterflexibility in optimization. For example,NTF failuresare inexpensve, and
thusoptimizing a standardvarrantycostmodelmay resultin choosingq valueswhich increaseNTF
failures,while reducingthe expensve FMA failures. By contrast,the proposedhardware warranty
model(2.9) allowstheuserto choosdehepenaltyparameter$, k-, k3, k4 Sothattheoptimalq values
resultin asmallnumberof NTF.

Wiw(a) = wofh{gl[wl + k1 (1 — g3)] + pa(w2 + kago) + ps(ws + k3qr) + pafws + ky(1 — %)l}
NTF costs repaiTcosts junkvcosts FMA
(2.9
wherep; = 0.1, p, = 0.8, andps = py = 0.05.

Theseprobabilitiesare basedon how mary itemswhich arereturnedto the supplier(andaread
hoc),while wy is usedto scalecostsappropriatelypby thenumberof itemsin service.We noticethatthe
standardvarrantycostmodelhasbeenmultiplied by ¢;, the componentailurerate. In the proposed
modelif the componenfailureratesq, areatthe high endof the operatingrange,thenthe warranty
costsarehigher Figure2.6 depictsthe variousdependencies.
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Figure2.6: (a) Trendsin W}, with componenguality ¢g; andIMF ¢, (¢ fixed). (b) Trendsin W,
with IMF ¢, anddiagnosticsapabilitygs, (¢, fixed). (c) Trendsin W}, with componenguality ¢; and
diagnosticgapabilitygs, (¢ fixed).

2.5.2 The Software Warranty Costs

The softwarewarrantycostsare characterizedan termsof the severity levels of the softwarefailures,
SL (seeSection2.3.2). Therefore giventhe operatingrangeof the quality vectorq, we cancalculate
from our SL modelthe probabilitiesps, pg, p7, ps Of failuresof SL = 1 (catastrophicjhroughSL = 4
(minor) respectiely (seeTable2.1). Associatedvith eachof thesetypesof failuresis awarrantycost,
ws, wg, wy andwsg respectrely. Thewarrantycostfor softwareis expressedy:
Wsw(a) = W (1 — g5)(psws + psws + prwr + psws). (2.10)

The SDE mostsignificantlyimpactsthewarrantycostof the software.A higherSDE meandewer
catastrophicdailures.Theprobabilitiesp;, : = 5, . . ., 8 arefixedfor a givenoperationatangeof ¢s, g,
g7, andarechosenaccordingto our modelof the Severity Level function (2.7). Recallthatgs andgy
aregivenby expression(2.6). More precisely

Diga = /‘{(%a%aﬁh) < Q |SL<q5’q6’q7) — Z}
" 11{(gs. g6, q7) € 2}

whereQ := (0.8,1) x (0.4,0.7) x (0.7,1). The quantitiese; areintroducedto accountfor other
lower-ordereffects,which arenot accountedor duringthe production. Theseincludeeffectssuchas
a productbeingreturneddueto incorrectusageby the customer One may alsousea modelallow-
ing moreflexibility, suchas(2.9). Unfortunately in sucha modelthe probabilitieswill needto be
computedasfunctionsof g;.

+6i

2.6 The CompleteModel

We now summarizeéhe modelsof theprevioussections Recallthatthegoalwasto identify thevarious
functionsin the optimizationproblem(2.1) repeatederefor corvenience

Fopt = In(}n(C(Q) + W(Q))a
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subjectto
P(FR(q) < FRyax) < p, P(SL(q) > SLuin) <p

over all admissibleq andsomepresetprobability p. The objective function consistsof the combined
costsof quality (2.8) andwarranty(2.9),(2.10):
F =Cla) +W(aq) = C(q) + Whw(a) + Wsu(q)

4 8
= C1e 0 + Cs5e5% + woq Zpiwi + W(1 —gs) Zpiwi

/\2 /\2 q9 .
+ co(qa + ¢h)* + c3q3 + ca(qs + ¢4)* + coq6 + crg7 + 09q +c’
6 9

+ woqy [p1ki(1 — g3) + pakaqe + p3ksqr + paka(l — g3)] + fixedcosts

wherethetermshave beenreorderedThereliability constraintsaregivenby (2.4) and(2.7):

FRy(q1,q2,q1) = f1e”" + f30007 — f2(1 — ¢1)qs < FRuax
SLa(gs,96,97) = s1:7/3€*% (1 — q6)**q> > SLunin

whereFR,,.,. andSL,,;, arespecifiedby the user One may alsouseothermodelsproposedn Sec-
tion 2.3. This objective functionis quite complicated.However, by retainingonly termsto leading
order we proposea simplermodel F which capturesnostof thebehaiour:

}:(Q) = c1e” N 4 5P + WlQl + W2(1 —qs5).

This simplificationis justified numericallyin Section2.8.2.

2.7 Model Justification: Sensitvity to Parameters

Considera functionG(q; f1, fo. - .., fx) dependingon N continuouslyvarying parameter®n some
domain(2. We assumehatg is suff|C|entIy regularto ensurethat 0G /0 f; exists throughout(2. By

consideringhe sequenc®f parameterg f] ., asavector f € RY thetotal differentialof G canbe
writtenas

G =V-df = Z@f

As aconsequenc@ssumingg is positive valued, onehas

dlog G df]
212
Z'L of 1 (212

illustratingthattheproportionof therelatve changan theG dueto therelative changen theparameter
f;is f;0log G/0f;. This simpleformalismis usedin the analysisthatfollows.

4G N dlog|G| df;
"Thegenerakxpressioris g = 37, | f;1sgn(g) ?‘ ‘ T
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2.7.1 Failure Rate Model

Recallthatthe secondmodelfor overall failure ratethatwe proposedn Section2.3was

FR(q; f1, fo, f3: f1) = f1e*" + faqai — fo(1 — q1)qu

where f1, fo, f3, fi arepositive constants.Becausene have explicitly specifiedthe dependencef
FR onthe parametery; expression2.12)allows oneto estimatewhich of theseparameterfiave the
mostimpactonthemodel.Indeed,

dFR, _ (dfi + fiqr df2)e? + qoq? dfs — (1 — q1)qa dfs
|FRy| | fref2q + f3q007 — fa(1 — q1)qu] '

We claim thatthe effect of changingf; or f, by anamounty hasa larger effect thana similar change
in f5, f1. To seethis, notethat perturbationdo f; and f, areamplified by a factorof /22 > 1 and
qe? > q, respectiely, whereaperturbationso f; andf, areonly amplifiedby factorsg,q? < ¢, <

1 and(l — ql)Q4 <q <1

2.7.2 Severity Level Model

In orderto gaugewhich of thefree parametersostsignificantlyaffectthe secondSL model(2.7),we
fix q, andcomputelog(SLy) = log sy + (s5g5 + 3 log g5) + s4log(1 — gs) + 2log g7, which helpsus
identify therelative sensitvity of the modelto the parameters, s, andss:

dSLy,  ds; ds dsy

=L 4 segs—2 4 s4log(1 — gg)—.
SL, 5 505 5 4 g( %) s1

Thus,if all otherparameterarefixed,a 1% changen s will resultin a s5q;% changan the SL value.
If s4is changedy 1%,theresultanpercentagehangen theSL valuesis s, log(1 —gs). Heuristically
the gs valuesrangebetweer.4 and0.7, andtherefordog(1— ¢s) is negative. Increasings, thusresults
in adecreasingL. ThisalsoexplainsourfindingsregardingTable2.1.

2.7.3 Costof Quality Implementation Model

Following the sametechniquessin the previoustwo subsectionsye examinethemodelC'(q), given
by equation(2.8) for therelative importanceof the parameters

~ ! ! / / /
C= <Cla Cl> 057 C5> C2, Cy, C3, C4, Cy, C5, Cg, C7, Cg, Cg>-

Continuingwith our prescriptionyields

—

dC(q;C) = (dCy — q1Cy dC})e™ 1% 1 (dCs + g5 Cs dCY)e5%
(g2 + ¢4) [2ea dcy + (g2 + ¢) dea) + (qu + €)) [2c4 Ay + (qu + ¢y) dey]

c dc
o (g ) - deh

+qsdcs + qs dcg + g7 der + ———
g3 ac3 + g6 ACe T (7 AC7 (% + )2 o
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2.8 TestData, and Model Trends

Thevalidationof a proposednodelis animportantstepin ary modellingeffort. In theabsencef real
datafrom Lucent,we wereunableto specifythe natureof distributionsfrom which to generatdest
data.Indeed testdatashouldbe createcon the basisof hazad modelsappropriatdor the products.In
theabsencef thesemodels,ary testdatausedis for illustrationpurpose®nly.

As part of this project, we provide two testsetsof data,dravn from a normal distribution (the
mathematicainterpretatiorof thepopularSix-Sigmamodel)andfrom a Betadistribution. Toillustrate
the broadtrendsof our models,we generatedeveralinstance®f q, with individual attributespicked
asindependentandomvariablesdravn from thesetwo models.

2.8.1 TestData Drawn from a Normal Distrib ution

Testdataof 1000instancef q wascreatedby consideringthe attributesg; asindependentandom
variablesdravn from appropriatenormal distributions N (u;, 0?) (meany;, varianceo?), with the
distribution parametershosento reflecta high quality product. Figure 2.7 illustratesa particular
instanceof this process.Note that the attributesq; are scaledto reflectthe natural quantities,e.g.,
componentailurerateq, is scaledby 100to yield a failure rate percentageWe input our simulated
dataq into thefailureratemodelFR. Theresultsaredescribedn Figure?2.8.

We expectthat with most productsbeing built to high quality specificationsthe warrantycosts
will below, while the costof implementatiorwill be high. Figure2.9illustratesthe histogram=f the
warrantycostsiWs,, Why, andtheimplementatiorcostsC'(q) whenthis instanceof testdatais applied
to eachof therelevantmodels.

2.8.2 TestData Drawn from a Beta Distrib ution

A betadistribution waschoserbecausét is atwo parametedistribution definedon theinterval [0, 1].
The probability distribution functionis givenby

Lla+8) .4 -
" Plpalp )l o< <]
plaia.d) = { Targ)” (-0 0=
0 otherwise
wherethe meanandvarianceare
a 9 af
IL[/ = s 0" = 2 .
a+ (a+pB)2(a+B+1)

So asto matchwith the correspondingiormaldistribution N (;, 7) onechooseghe parameters
andg as

Hi 1
o= (i —pi—o0}), 52(—_—1)04-

Ui %

Onceagaintestdataof 1000instance®f q wascreatedandthesimulateddataappliedto thefailure
ratemodelFR. Theresultsaredescribedn Figure2.10. Sincewe assumedhe attributesweredravn
from abetadistribution (mostinstancesrehigh quality), it is reasonabléhatthefailurerateis skewed
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Component Failure Rate: Infant Mortality Factor: Diagnostics Capability:
100*q1l 1+g2 100*g3
300 300 300
200 200 200
100 100 100
0 0 0
0 Working Environment 100 1 Software Development 0 Code Complexity: 1
Range: g4 Environment: g5 a6
300 300 300
200 200 200
100 100 100
0 0 0
0 Stability Index: 1 0 Coverage Testing: 1 0 Fault Density:
q7 100%q8 1000*q9
300 300 300
200 200 200
100 100 100
0 0 0
0 1 0 100 0 1000

Figure2.7: Simulateddatadravn from normaldistributions. In detail,g; ~ N(0.2,0.05), g2 ~ N(0.3,0.05),
g3 ~ N(0.8,0.05), ¢4 ~ N(0.5,0.05), g5 ~ N(0.8,0.05), g6 ~ N(0.4,0.05), gz ~ N(0.8,0.05),
gs ~ N(0.8,0.04), gog ~ N(0.05,0.004). Any normalizationto therespectie variabless indicated.
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Overall Failure Rate
T

Severity Levels
T

250

200

150

100~

50

0

I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100 2 25 3 35 4 45 5

FailureRate Severity Levels

Figure2.8: Effectof FR, andSL, onsimulateddatausinga normaldistribution: mostinstance®f the
producthave alow failurerate.

towardsthe lower end. We expectthat with mostproductsbeingbuilt to high quality specifications
the warrantycostswill be low while the costof implementatiornwill be high. This is borneoutin
Figure2.11. B

In Figure2.12we seethatat leastfor this testdata,the simplified objectve function F described
in Section2.6 capturesnostof the behaiour of the complicatedbjectve function(2.11).

2.9 Summary, Futur e Dir ectionsand Suggestions

We concludethis reportby noting againthatthe modelsdevelopedwerebasedsolely on discussions
and heuristicarguments. In the absenceof data, survival and hazardmodels,indeedeven product
informationfrom Lucent,this reportshouldnot beinterpretedasrepresentatie. Insteadwe hopethat
theargumentswill provide thebasisfor a morecarefulmodellingeffort by Lucent.

We notethat despitethe identificationof nine quality attributesg;, not all of theseattributesare
equally important. This is a crucial stepin arny modelling process:identifying the key elements.
Basedon the precedingdiscussionwe canconcludethat the mostsignificantindependenattributes
arethe componenfailure ratesq; andthe softwae developmenenvironmentyg;. Theseindicesseem
to outweighthe others. In fact, mostof the other attributesare affectedby thesetwo. Thus, arny
furtherwork shouldfocuson the carefulestimationof theseattributes. The attributesassociatedavith
diagnosticxapabilityqs, coveragetestinggs andfaultdensitygg aretheleastsignificant.Indeedthese
do notevenappeain theconstraints.

Neitherthe constraintfunctionsFR and SL nor the objective function containcomplicatedfunc-
tional forms;the resultantmodelis nonlinearandawkward, but noneof the individual componentss
more complicatedthana quadraticor an exponential. Theseforms are deliberatelychosensincethe
associategparametersanbe easilyfit, usingreal dataandstandardstatisticalsoftware.

We suggesthattheparameterbelocatedbasedntruedatawhichmaybeavailableto theindustry
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Software Warranty Costs Hardware Warranty Costs
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Figure 2.9: Warranty Costsand ImplementationCostsusing normally distributedtestdata. Scales
rangefrom 0 to maximumpossiblecostin eachcase.
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Figure2.10: Effect of FR, andSL, on simulateddatausinga betadistribution: mostinstance®f the
producthave alow failurerate.

Theseparameteraill vary with various productand warranty policies. Simultaneouslytest data
dravn from hazardmodelsappropriateo the specificproductshouldbe usedasareality check. The
final optimizationcanbe carriedout usingstandargackages.
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Software Warranty Costs Hardware Warranty Costs
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Figure2.11: WarrantyCostsandImplementationCostsusingbetadistributedtestdata. Scalesange
from 0 to maximumpossiblecostin eachcase.
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Figure2.12: (a) Objectve function F(q). (b) Simplified objectk/efunctionf(q).
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