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4.1 Intr oduction

Thereare mary statisticalmethodsof tracking single and multiple targets; this manuscriptwill fo-
cuson the stateestimationproblem. Ideally, a generalizatiorof the recursve Bayesnon-linearfilter
would trackandresole the state(s)f singleor multiple targets,but thatis currentlycomputationally
intractable. The ProbabilityHypothesisDensity (PHD) makesthe tracking problemcomputationally
feasibleby propagatingonly the first-ordermulti-target statisticalmomentsby using a particlefilter
implementatiorfor the PHD. The problemthenbecome®neof estimatingthe targets’ statebasedn
the outputof the PHD whenusinga particlefilter implementation.

This paperdescribeneheuristicmethodfor obtaininga stateestimatorfrom the PHD. The ap-
proachusedin this paper basedon the Expectation-MaximizatiorfEM) algorithm, views the PHD
distribution as a mixture distribution, andthe particlesasani.i.d. samplingfrom the mixture dis-
tribution. Using this, a maximumlik elihood estimatorfor the parametersf the distribution canbe
generatedThe EM seemgo work fairly well, particularlywhentargetsarewell spaced.

4.2 Problem Description

Theproblemis oneof trackingandidentifying afinite setof multiple targetsby meanof datacollected
from a setof multiple sensors.The motion of eachtargetis modelledasa discretetime, continuous
spaceMarkov processit is alsoassumedhattargetsmove independentlyTheexactnumberof targets
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is unknavn and may changewith time dependingon the correspondindirth/deathmodel. At each
time stepk, the obsenationsZ}, . .., 7%, aregatheredrom the sensorsuite. Theseobsenationsare
affectedby clutter; the amountof clutteris modelledusinga Poissordistribution.

The PHD is a computationallyefficient meansof solving the tracking problem;however, it does
not provide an estimateof the targets’ states. Our approachfor solving this part of the problemis

describedn section4.4.

4.3 TargetTracking and the PHD

Considera single-sensorsingle-taget problem. Let z; be the target statevariableat time stepk,
and z; the obsenation at time stepk. Assumethat x;, is a Markov processwith initial distribution
po(z0) andtransitionequationp 1z (zx+1|7x). Also assumehatthe obsenationsz;, areconditionally
independengiven the processr;, and of mamginal distribution p(zy|x;). In this case,the recursve
equationdor the posteriordistribution canbewritten as

Prsip(zea| Z7) = /pk;+1|k($k+1|Ik)pk|k(9€k|Zk)dIk

P(Zr41 |$k+1)Pk+1|k($k+1|Zk)
I p(zes1]@rs1)Prsape(Trgr | ZF)daggs

pk+1|k+1(xk+1|Zk+1)

wheré 7% = {z, ..., z;}. Thetagetstateestimatorsanbegivenby

~MAP o k+1 ~EAP _ k+1
Tpajp+1 = AGSUP Pryik1 (2|27, B 1 = /xpk+1|k+1(x|Z )dz,
T

~MAP ~EAP ; ; PR PP
Wh_ere:c,wrl',~C+1 ancl_:c,CJrl‘k+1 arethe Bayes-optimamaximuma posterioriandexpecteda posteriori
estimatorsrespectiely.

The generalizatiorof the above equationsfor the multiple-sensgrmultiple-taiget systemis not
quite obvious. The taget stateis not just one randomvectorarymore. The numberof tamgets, as
well astheir positions,velocities,identities, etc., are all unknovn and shouldbe treatedas random
variables. To dealwith this, the tool of finite-setstatisticsS(FISST) canbe used. It is basedon the
following ideas[1]:

¢ Introducea notionof asingle“global sensor'thatencompasse$iewhole sensosuite.

¢ Introducea notionof a“global tamget” with multi-tagetstateX = {x1,...,z,}.
e Ragardthe setof obsenations,Z = {z,..., z,}, asa “global measurementdf the “global
tamget”

e Usethe multi-sensor/multi-taget measuementmode] which is a randomlyvarying sety =
T(X) U C(X), to modelmulti-target multi-sensordata. Here 7( X') denotedamets’ dataand
C(X) denote<lutter.

8Conditioningon Z* is by definitionthe sameasconditioningon )V, = o{Z*}.
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e Usethe multi-target motion mode] which is a randomsetl'y,; = ®,(X,, Vi), to modelthe
motion of multi-targetsystems.

Theseideasmale it possibleto reformulatemulti-sensor multi-target problemsas single-sensor
single-taget problems. The processof reformulationrelies heavily on the notion of the belief-mass
function,whichis a generalizatiorof the probability-masgunction(see[2]). The FISSTmulti-sensor
multi-target differentialandintegral calculusintroduceshe setintegral andthe setderivative which
areusedto statethe problemin rigorousmathematicaterms.Omitting all the details(in [1] and[2]),
theresultingrecursve equationsare

Pri(Xia|Z®) = /pk+1|k<Xk+1|Xk)pk|k:<Xk|Z(k))5Xk

+1)> _ p(Zk+1|Xk+1)pk+1|k(Xk+1|Z(k))
J 2(Za|Y ) prgae (Y Z0) oY

where X, is a multi-target state, f;x (X5 Z*)) is a multi-target posteriordensity and f(Z]Y) is a
multi-sensormulti-targetlik elihoodfunction.

Notethattheintegralsin theabove formulaearesetintegrals,the computatiorof whichis very ex-
pensve. Actually, evenin single-tagetproblemstherecursve equationsaretoo complicatedo calcu-
lateexplicitly. Therefore someapproximatiorshouldbefound. It turnsoutthat,whensignal-to-noise
ratio (SNR)is high enoughIhefirst—ordermoment,fm = [z fir(z|Z*)dz, is agoodapproximation
for single-taget problems.Unfortunately it is not possibleto usethis straightforvard generalization
for multipletargetproblemspecauseheintegral [ X fi.(X|Z™*)6 X cannotbedefined. Theproblem
is resolvedby usingsomefunctioni thatmapsthe state-sefX into avectorspace.Then,thefirst-order
momentis computedndirectly as

pk+1\k+1(Xk+1|Z(k

EINT) = [ B0 (X 205X,

Oneof thepossiblechoicesfor thefunctionh is i(I'y) = dr,, wheredr, (z) = 3 cr, duw(z). This
malkesthe first-ordermoment,denotedoy Dy (x| Z*)), the probability hypothesisiensity(PHD). It
hasthe propertythat [ Dy (x| Z*))dz is the expectednumberof targetscontainedn the region S
(for furtherinformationaboutthe PHD see[2]). If the SNR andthe signalto clutter ratio are high
enough,and the multi-target systemhasa zero covariance thenthe PHD is a good approximation
for the unnormalizednulti-target posteriordensity andan explicit recursve equationcanbe derived
for Dk|k(x\Z(k)) (see[1]). In generalthetime updateequationdependn the motion model,which

normallyincludesbirth anddeathof targets.

Dk+1|k(y|Z(k)) /(dkﬂ(x)fkﬂlk(y\x)+bk+1k(y|x))Dk|k(x|Z(k))da:

whered,.(x) is the probability thata target with a statex attime-stepk will disappeaattime-step

k + 1, andby 1, (y|x) is the PHD of themulti-targetdensityby , 1. (X |z) thatdescribeshelik elihood

thatatamgetwith a statex attime-stepk will generatexset.X of new tamgetsattime stepk + 1.
Assumingthatthereareno birthsanddeathstheabove equatiorreducedo

Dyran(y|Z2®) = / Ferap(y]2) Dyg(z| Z2®)) d. (4.1)
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Theapproximatdormulafor the obsenationupdateis

Diy(2]Z2™)
b Z04D) pof(2|2) Dysajk
b1l (2] ) zeZZ,ﬁq Aet1¢kr1 +pp [ f(2]2) Dyrj(2] Z®)d *

+(1 = pp) Dy (x| Z®). (4.2)

Thus,anapproximatiorof thedistribution of thewholesetof targetsateachtime stepcanbecomputed
quite efficiently. The questionthenarisesasto how the stateof eachseparate¢argetcanbe estimated.
A new approacho this problemwasproposedandis describedn the next sectionalongwith other
existing approaches.

4.4 StateEstimation and the EM Algorithm

Using the resultsof the previous section,it is assumedhatat time stepk the function Dy, (x| Z®)
is given. Integratingit over the whole space the expectednumberof tamgetscanbe computed.The
guestionthenbecomeshow canthis informationbe usedto find the stateof eachtarget?

One of the existing approachess basedon peakdetection. The ideais very simple. Whenthe
expectednumberof targetsis M andthe function Dy, (x| Z*)) hasM local maxima,it is reasonable
to assumehat tamgets’ statesarelocatedat the pointswherethosemaximaare achieved (seeFigure
4.1). Thereare somedifficulties whentargetsare locatedvery closeto eachother;for example,the
numberof local maximamaybe smallerthanthe expectednumberof tagets(seeFigure4.2).

Figure4.1: Expectechumberof tamgetsis 3, sothetargetsareassumedo belocatedundereachpeak.

Anotherapproachs basedon clusteringalgorithms,which are ubiquitousin the patternrecogni-
tion community Sincethe PHD, Dk|k(x|Z(’“)), is representedsa setof particles(seesection4.5.2),
it is reasonableo expectthat particlesare clusteredaroundeachtarget. Applying a clusteringal-
gorithm, the loci for the targetscan be computed.One of the mostpopularclusteringalgorithmsis
NearesiNeighbourClustering.It usuallygivesgoodresults,but the time neededo constructtheloci
is quadratidn the numberof particles.Also, non-intuitive clustersareconstructedn somecases.
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Figure4.2: Expectechumberof tametsis 4, sothereis no naturalway to determinetamgets’ statesusingjust
thelocationof therelatve maxima.

Thenew approactis basednthefollowingidea. SupposehatthePHD, Dy ;. (z| Z (), is amixture
of Gaussiardensitiesavith unknavn meansandcovariancematrices).e.,

Dyi(z|Z®) Za Ni(x|pi, X)) = p(x]O©),

where M is the expectednumberof targets,© = {a;, u;, i}, and o, satisfy > o, = 1. The
likelihoodof theseparametergivendataX’ is

L(O]X) = Hp(fril@)-

It is reasonabléo expectthat maximizationof the likelihood, usingthe setof particlesrepresenting
the PHD asthedataX', shouldgive thevaluesof theparametersp* = arg maxg £(0|X), which will
provide a goodapproximationfor Dk‘k(x|Z(’*'>). Thenthe means,.!, shouldbe goodestimatorgor
the statesof targets.

The difficult part of this processs the maximizationof the likelihood. The usualalgorithmsfor
non-linearoptimizationmay not be efficient in this case,sincethe numberof parameterss quite
large. Therefore the needfor morerobusttechniquesrises.Onesuchtechniques the Expectation-
Maximization(EM) algorithm.

4.4.1 Expectation-Maximization Algorithm

Supposehedata’ for maximume-likelihoodestimatioris incompleteor hasmissingvalueg. Assume
thatthereexistsa completedatasetZ = (X, )), where) is missinginformation. Let

p(2]0) = p(z,y|O©) = p(y|z, ©)p(z|O)

’Sometimest is corvenientto assumehattherearesomemissing(or hidden)parameterso simplify the expression
for thelikelihoodfunction.
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be a joint densityfunction. Thena new likelihoodfunctionis £(0|2) = L(O|X,)) = p(X.V|O).
Note that it is a randomvariable,since) is supposedo be unknovn and random. So, it canbe
assumedhat £(O|X,)) = hx o()) for somefunctionhy o, whereX’ and© areconstantind) is a
randomvariable.

The EM algorithmconsistsof two steps.

1. Computethe expectedvalueof thelog-likelihood,i.e.

Q(0,0Y) = Ellogp(X, Y|©)|X, 01 Y],

where ©(—1 are currentparameterestimates X’ is the obsered data,and ) is the random
variablewith respecto which theexpectedvalueis computed Notethat© is anormalvariable,
s0Q(©, 00V is anormalfunctionof ©.

2. Maximizetheexpectationcomputedn thefirst stepandfind
0% = argmax Q(0, 00~Y).
©
Thesetwo stepsare repeateduntil somestoppingcriterion is satisfied. It canbe demonstrated

that eachadditionaliterationincreaseghe log-likelihood; therefore,the algorithmis guaranteedo
cornvergeto alocal maximumof thelog-likelihoodfunction.

4.4.2 Mixtur e-DensityParameter Estimation

To returnto the stateestimationproblem,recallthatthe PHD is supposedo be a mixture of Gaussian
distributionswith unknovn parametersThelog-likelihoodfunctionis in this case

N M
log(L(B|X)) Zlog (p(x;]©)) :ZIOg<ZajN(xi|uj,Ej)>.
i=1 j=1

Supposeéhatthe dataX’ is incompleteandthatthereexists anunobsereddatum) = {y;}%,. Let
vi € {1,....M} andy; = k if the i’ sample,z;, wasgeneratedy the k** Gaussiarcomponent,
i.e. the componentwith the meany, andthe covariancematrix ;. Thenthe expressionfor the
log-likelihoodcanberewritten as

log(L(0|X,Y)) = log(P(X,Y|0)) ZlOg (xilyi) P ZIOg 0y, N (@i, 3y,))-

Obviously, the problemis thatvaluesof ) areunknown. Assumingthatyl arerandomvariablesit is
possibleto applythe EM algorithm.Let©9 = (af, ..., a5, 1, ..., 13, 25, . .., 29,) besomeguess.
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Omitting a few details(which canbefoundin [3]) theexpressiongor ©9+! are
1 N
g+l = ) g
aj N ;1 p(l|z;, ©7)

ug+1 o Zz]il l’ip(”l’i, @g)
; =
Zi]\il p(”xt 69)
o Sl ©9) i — ) e — g
l - )
Zi]\il p(l|xt @g)

where

oy N (i, 37)

o ol N (|l 50

Only somedistributionsallow derivationof analyticexpression®f ©9+1, andthe Gaussiarlistribution
is one of these. In general,somenumericalprocedureshouldbe usedto maximizethe expectation
Q(©,07). Using the above formulaeand somereasonablestoppingcriterion, the estimatedor the
tamgets’statesy;, [ = 1, ..., M, canbefoundefficiently at eachtime step.

p(l]z;, ©7) =

4.5 Numerical Simulation

To testthe stateestimationmethodbasedon the Gaussiammixture assumptiorandthe EM algorithm,
severalnumericaltestsweredone. The modelusedfor the testswasa racingcarmodel,andthe PHD
methodwasimplementedisinga simplepatrticlefilter.

45.1 Model

Supposecarsareracingon a circle of length L with velocitiesin the range[—b, —a| U [a, b], where
the sign definesa directionof motion. The initial positionsandvelocitiesof the carsaredistributed
uniformly onintenals|0, L) and[—b, —a] U [a, b], respectiely. Themotionof thecarsis describedy

Tpy1 = Tp + Vg,
V41 = (Uk+N<07012)))(2B(p)_1)7

wherez,, is apositionof acarattime stepk, vy, is thevelocity of acarattime stepk, N (0, 0%) denotes
Gaussiamoisewith avariances?, and B(p) is abinomially distributedrandomvariable(at eachtime
step,it is 1 with probability p and0 with probability 1 — p). Sincethetrackis a circle, whena car
crosse®neof theboundariegi.e., its positionbecomegreaterthan L or lessthan0) it continuedts
motionfrom anotheroundary Also notethatthis motionmodelis highly non-linear sincevelocities
randomlychangenot only in magnitudesbut alsoin directions.

Theobsenationpartof themodelis definedasfollows: The probability of observingatarget(car)
is Pp, theamountof clutterhasPoissordistribution with amean)\, andtheclutteritself is distributed
uniformly ontheinterval [0, L). Theobsereddatais
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where N (0, 02,) is Gaussiamoisewith a variances?,. To simplify computationsthereis alsoa no
births,no deathsassumption.

Thecomputationsveredoneusingthefollowing valuesfor theparametersThelengthof thetrack,
L = 100; velocitiesare confinedto therange[—3, —2] U [2,3], soa = 2,b = 3; maximumnumber
of targetsequalst; varianceof Gaussiamoisefor velocities,o? = 0.1; probability of retainingthe
samedirection,p = 0.98; probability of detectinga tamget, Pp, = 0.9; varianceof Gaussiamoisefor
obsenations,c?, = 3; meanof Poissordistribution for theamountof clutter, A = 10.

4.5.2 Interactive Particle Filter

Notethatequationg4.1) and(4.2) containanintegral, whosecomputatiorrequiresalot of effort. To
dealwith this problem,a sequentiaMonte Carlomethodcanbe used.Oneof thesemethoddeadsto
thelnteractve Particle Filter. At eachtime stepk, thePHD is representeds

D oy — Mk g5
wn(2|Z2) = —= Z(sﬁk|k($)>
=1

wheref,i‘k aresimulatedrandomsamplesalsonamedparticles.Initially, fé\o arei.i.d randomsamples
uniformly distributedin [0, L) x ([=b, —a| U [a, b]). Thenumberof particles,V, hasto besuficiently
large, sofor the presenteanodel N = 5000 wasused. Theinitial numberof targetscanberegarded
asarandomvariableT suchthatk = 1,..., M, whereM is the maximumnumberof targets. Thus,
theinitial massof the systemcanbe computedasthe expectedvalueof 7', i.e. My, = E[T’]. For the
presenteanodel My, = 3.5.

Themotionupdates doneby settingMj, 1, = My, andmoving eachg,’dk accordingo themotion
of thetargets,i.e. §; ., = &, + vi. Theobsenationupdateis morecomplicatedFirst, thefollowing
integral shouldbe computed

. My ;
~ [ £Cl0Den(al 20z = S ST p(aIeh 0.
=1
Then,thetotal masss

Mk+1|k+1 :/Dk+1|k+1(I|Z H)

Ppl(z)
+ (1 — Pp)M, .
z; Mer1Cks1 + Ppl(2) ( D) bl

Thenext stepis computingweights

. I Df(z|£li+1|k)
v = E — +(1—Pp)M ..
wk+1|k+1 )\k+]_Ck+]_ PD[(Z) ( D) k+1|k

2€ZK 41

Theseweightsareusedto resamplehe particlesusingthefollowing rule

ij+1|k+1
N 1 '
D=1 Wk+1]k+1
Therefore particleswith smallerweightsshouldeventuallydisappearThe particlefilter aswell asthe

EM algorithmwasimplementedisingthe Matlab softwarepackageThecodefor themainroutinesis
givenin the Appendix,andresultsof thecomputationsrepresentedbelow.

P(E}iﬂ\kﬂ = €£+1|k) -
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4.5.3 Results

First, the work of the Interactve Particle Filter is presented.n Figure4.3, obsenationsare shown;
trajectoriesof tamgetsareindicatedby dots, while clutter is marked by crosses. The outputof the
particlefilter is illustratedin Figure 4.4. Note how particleseventually clusteraroundthe targets.
Takinginto accountarelatively smallnumberof particlesthe PHD givesagoodresult. Anotherproof
of the efficiency of the PHD is the graphof the total massof the system showvn in Figure4.5. Notice
thattheestimatiorof thenumberof tamgetsis quiteaccuratesince althoughthegraphoscillateswildly,
theaverages alwayscloseto 2, which is the actualnumberof tamgets.

The EM algorithmturnsout to be very sensitve to the outputof the PHD. In general,it works
well whentrajectoriesof targetsdo notintersectanddo not crossthe boundariesThis caseis shovn
in Figure4.6. Thedifficulties arisewhenthe trajectoriesntersector crossthe boundariesthe reason
beinga‘bad’ outputof the PHD.

Thefirst caseis illustratedin Figure4.7. Note how the inaccurateestimationoccursat the point
of intersection.The outputof the particlefilter for this caseis shovn in Figure4.8,andin Figure4.9,
the approximationof the PHD asan unnormalizeddensityfunction is presented.While the former
figure shovs no possibleobstructionto stateestimationthelaterfigure clarifiesthe poor performance
of theEM algorithm. As thetime draws closeto thetime of intersectionthe densityfunctionhasonly
onelocal maximum,a situationwhich makesidentificationof two targetsvery difficult for the EM
algorithm.

Figures4.10,4.11,and4.12illustratethetamgets’ statesestimationthe outputof the particlefilter,
andtheunnormalizediensityfunction,respectiely, for trajectoriesvhichcrosstheboundariesNotice
thatthedensityfunctionhasthreelocal maximathatcausehe EM algorithmto fail. In all caseswhen
the particlesarenot clusteredwvell aroundthetamgets,the estimationis notaccurate.
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Figure4.9: Approximationof the PHD asanunnormalizeddensityfunctionfor timescloseto theintersection
time.
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\ AN
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Figure4.12: Approximationof the PHD asan unnormalizeddensityfunction for timescloseto the crossing
time.

4.6 Conclusion

In this paper a new methodfor tamgets’ statesestimationwasproposedasa part of a solutionto the
problemof tracking andidentifying multiple targets. The recentlyproposedProbability Hypothesis
Density (PHD) wasusedto track multiple targetswhenobsenationsare gatheredrom multiple sen-
sors. This new methodfor estimatingtargets’ statess basedon the assumptiorthatthe PHD canbe
represente@s a mixture of Gaussiardensitieswith unknavn meansand covariancematrices. The
numberof Gaussiardensitiesn this mixtureis the expectednumberof targets.Usingthis representa-
tion, thelik elihoodfunctioncanbe constructedandmaximizationof thelik elihoodgivesthevaluesof
themeandfor the GaussiardensitiesYhatcansene asestimatedsor thetargets’ states.To maximize
thelikelihood,the Expectation-MaximizatiofEM) algorithmwasemployed. Beingwidely usedfor
the mixture-densityparameteestimationproblem,the EM algorithmis particularly attractve when
the mixture is Gaussiansinceanalyticalexpressiondor the expectationstepcanbe derived in this
case.

The proposednethodwastestedon a simpleracingcar model. The resultsof this simplemodel
providedexamplesof specificcasesn whichthetargets’statedail to beresolhed. Estimationsarepoor
in casesvheretargets’trajectorieseitherintersectgetvery closeto eachotheror crossthe boundary
This failureis dueto the factthatthe EM algorithmis highly sensitve to the outputof the PHD. In
the casewheretamgetsarecloseto eachother theunnormalizediensityfunction (ie., the outputof the
PHD) collapsego a singlepeak,makingit impossiblefor the EM algorithmto resolve morethanone
tamget’s state.In a similar fashion,whena target crosseshe boundary an additionallocal maximum
of the unnormalizeddensity function comesinto existence,which againobstructsthe work of the
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EM algorithm. Additional analysisof the couplingbetweenthe PHD andtargets’ statesestimation
algorithmshouldbe donein orderto overcometheseobstacles.

4.7 FutureWork

Thereare a numberof possibleways of extendingthe work that hasbeenpresentedn this paper
Updatingthe motionmodelis a simpleway to eliminatethe boundaryconditionsthatcauseproblems
with estimatingthe targets’ states. This would eliminate one of two waysthat the stateestimation
algorithmcanfail. Aside from this extensionto the motion model, therehasbeensomeinterestin

comparingvariousstateestimatiormethodsandtestingthewaysin which thosemethodsnteractwith

the PHD. In addition,furtherexplorationremainsto be madeof the PHD.

Updatingthe motionmodelis arelatively simpleway to overcomethe problemposedoy the extra
maximumsof the unnormalizeddensityfunction that appeamwhen tamgetscrossthe boundaries.A
variantof the racing car problem,which eliminatesthe looping at the endpoints,could be usedto
confirmthatthe EM algorithmresolesthe targets’ statescorrectlywhenthe statesarenot neareach
other Trackingfailuresof the EM algorithmdueto the cyclic boundaryconditionsare presentedn
theResultssectionandillustratedin Figures(4.7) and(4.10).

Thereareothermethodof estimatinghetargets’statesvhich arenotdiscussedh this manuscript
andwhich cansene to extendthis preliminaryresearch.The mostcommonof theseis the Nearest
NeighbourClusteringmethod,which wasbriefly mentionedn the StateEstimationandthe EM Al-
gorithmsection.However, therearealsomoremodernapproachesuchasthe Cheesemaglustering
andthe Fourier/\aveletbasedmetric minimizationmethods.A carefulandunbiasedccomparisorof
thesecompetingmethodswould be of interestto trackingpractitioneran bothindustryandacademia.

4.8 Appendix

Thefollowing codeis the mainroutinethatis usedto trackandestimatehetargets’state.

Ofgmmmmmmmmmmmmmmemmememmemememmememmememeemeemmmmce e mmmmeme mmemmen mmmeme e e memeeee
% Main Script
Ofgmmmmmmmmmmmmmmemmememmemememmememmememeeme=mmmmecemmmme mmmmeme mmemmen mmeme mmmmeee e memeeen

clear; % clear all variables

global N % number of particles

global M; % number of targets

global PD; % probability of detecting a target

global CIVM; % mean for Poisson distribution; used to generate clutter

% assigning  values to the global variables

CIM=5;

PD=1;

N=5000;

M=floor(5*rand)+1; % the number of targets

Tar=init_states(M); % getting initial positions of the targets

[MK, XK]=init; % getting particles and guessing the number of targets

TS = 100; % number of time steps

MM=zeros(1,TS); % array for storing the mass of the system at each time step
XX=zeros(N,TS); % two dimensional array for storing particles at each time step

TT=zeros(M,TS); % two dimensional array for storing  targets’ states at each time step
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stop_flag=-1,;
for t=1:.TS

Tar=move(Tar);
Obs=observe(Tar);

% a stopping flag

% moving targets
% observing  targets

[Mk,Xk]=updatel(Mk,XK); % updating mass and particles, k|k > k+1lk
[Mk,Xk]=update2(Mk,Xk,Obs); % updating mass and particles, k+1llk -> k+1llk+1
MM(t)=Mk; % saving the mass of the system

XX(:,0)=Xk(1,)); % saving particles

TT(:,t)=Tar(1,:)’; % saving targets

% EM is applied only after the 6th time step; this ‘if statement  provides initial guess

if(t==6)
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Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed  when mass varied
[a,m,d]=get_init_guessld(Me); % initial guess for EM algorithm
% this  was written to handle the case when the mass changes
elseif(t>6)
Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed  when mass varied
Mo=2; % we fixed the mass, estimation failed when mass varied
% ‘if’ statement  below will never be called, since we keep Mo and Me equal to 2
% it was written to handle the case when the mass of the system changes
if(Me<Mo) % if mass becomes less we eliminate elements from a,m,d
ind=1:length(a); % getting indices for the array a
[s1,s2]=sort(a); % sorting a
keep=setdiff(ind,s2(Mo-Me)); % getting indices for the elements that will be kept

a=a(keep);
a=a/sum(a);
m=m(:,keep);
d=d(:,keep);

elseif (Me>Mo)
[mv,mi]=max(a);
a=a([1:Mo  mi*ones(1,Me-Mo)));
a=a/sum(a);
m(:,Mo+1:Me)=m(:,mi*ones(1,Me-Mo)
d(:,Mo+1:Me)=d(:,mi*ones(1,Me-Mo));

end;

end;

% EM is applied
if(t>=6)
[a,m,d]=get_itld(a,m,d,Xk(1,));
RES(1,1:M,t)=Tar(1,:);
RES(2,1:Me,t)=m;
end;
end;

only after

the 6th time

% updating a
% sum of the elements
% updating m
% updating d

of a should be 1

% if mass becomes greater
% find the maximum element of array a
% resampling  this elements
% sum of the elements of a should be 1
); % resampling  the corresponding element of m
% resampling  the corresponding element of d
step
% applying EM
% saving targets’ positions
% saving estimated targets’ positions

Next, the functionsimplementingthe motionandobsenration modelsarepresented.

function
%
% implements  the following

% X_k+1=X_k+V_k

% V_k+1=(V_k+N(0,0.1))*(2B(p)-1)
%
% x is a collection

y=move(x)

motion

N=size(x);
N=N(2);

of two dimensional

model:

as a 2xN matrix

vectors  (X_Kk,V_k)

represented

% size of x
% number of vectors
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y(1,:)=x(1,:)+x(2,); % updating  position

y(2,:)=(x(2,:)+0.1*randn(1,N)).*(2*(rand(1,N )>0.02) -1); % updating  velocity; here p=0.02

% we have wrapping boundary condition, i.e. 100=0

y(1,:)=y(1,:)-100*(y(1,:)>=100)+100*(y(1,:)< 0);

function y=observe(T)

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmeemmmmeeemmmmee mmmmmem mmmmmee mmmmem mmmmmem mmmmmee e _—

% implements  the following observation model

% X_0=X+N(0,3)

% plus clutter

L —

% T is a set of targets represented as a 2xM matrix

global PD; % probability of detecting a target

n=size(T); %size of T

n=n(2); % number of targets

Pd=(rand(1,n)>(1-PD)); % Pd indicates what targets are observed

cl=clutter; % generating clutter

cn=length(cl); % number of clutter points

ot=sum(Pd); % number of observed targets

y=zeros(1,cn+ot); % number of observations (clutter+observed targets)

y(1:cn)=cl; % storing clutter

% making sure we observe at least one target

if(ot™=0) % storing observed targets
y(cn+1:cn+ot)=T(1,find(Pd>0))+3*randn(1,ot );

end;

Thefollowing functionsimplementthe motionandobsenationupdatesteps.

function [M,X]=updatel(m,x)

L PG —

% first update

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmeeemmmmeemmmmee mmmmmem mmmmmee mmmmem mmmmmem mmmmmee e _—

M=m; % mass remains the same

X=move(x); % particles move according to the motion mod

function [M,X]=update2(m,x,Z)

o _—

% second update

L PG —

% mis the mass of the system

% x contains  particles

% Z contains  observations

global N; % number of particles

global PD; % probability of detecting a target

global CIVM; % mean for Poisson distribution; used for clutter

cc=CIM/100; % useful  constant

li=I(Z,x(1,:),m); % computing integral

M=sum(li./(cc+li))+(1-PD)*m; % updating the mass of the system

% the following code generates weights used for particles resampling

tmp=zeros(length(2),N);

for i=1:length(2)
dif=min(Z(i)-x(1,:),100-Z(i)+x(1,3)); % accounting  for wrapping boundary condition
tmp(i,;)=PD*normpdf(0,dif,3)/(cc+li(i)); % main part of the weights formula

end;

S=size(tmp);

% need to handle the case of one target separately
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if(S(1)>1)
w=sum(tmp)+(1-PD)*m;
else
w=tmp-+(1-PD)*m;
end;

w=w/sum(w); % normalizing weights
reg=cumsum(w); % generating intervals of lengths corresponding to the weights
samp=rand(1,N); % just random numbers

% we use the following algorithm for resampling:
% if the k-th random number (from ‘samp’) hits the j-th interval (in  ‘reg’)
% then new k-th particle is the old j-th particle
X=zeros(size(x));
for i=1:N
X(:,i)=x(:,bisearch(reg,samp(i))); % resampling
end;

function m=bisearch(x,x0)

L PG —
% binary  search

% searching for the element of array x that is the closest to xO0

L PO —
N=length(x); % length  of x
flag=1; % useful  variable
I=1; r=N; % initially, left  position is 1 and right position is N
while(l<=r & flag==1)
m=floor((r+l)/2); % computing the middle point
if(x(m)==x0) % if we find x0 exactly
flag=0; % stop the loop
elseif (x0 < x(m)) % if x0 lies in the left half
r=m-1; % update the right position
else
l=m+1; % update the left position
end;
end;
if(flag==1) % a little adjustment
m=l;
end;

function  y=I(z,x,m)

Offmmmmmmmmmmcmmmmmcemmmmmmmmmmmmmmmemeee ece e e e e —
% computes integral

Offmmmmmmmmmmcmmmmmemmmmmmmmmmmmmmmemeee e e e e e —
global N; % number of particles

global PD; % probability of detecting a target

y=zeros(size(z));

for i=1:length(z);
y(i)=sum(normpdf(z(i),x,3));

end;

y=PD*m*y/N;

Note,theabove groupof functionsimplementghe particlefilter. Herearefunctionsimplementinghe
EM algorithm. Thefirst is thefunctionthatcomputegheinitial guess.

function [a,m,d]=get_init_guessld(M)
Offmmmmmmmmmmcmmmmmmemmmmmmmmmmmmmmmemeem cce e e e e —
% provides initial guess for EM algorithm; 1-dimensional case
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% M - estimated number of targets
Offgmmmmmmmmmmmmmmmmmmmmmmmemmmmmmmmmmmmmeemmmmmee e e
a=ones(1,M)/M; % each a_i is just 1/M

% means are distributed
% variance is 572

m=100*rand(1,M);
d=5%ones(1,M);

uniformly;
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only position is estimated

Thefollowing functionimplementoneiterationof the EM algorithm.

function
%
% updates
%

[a,m,d]=updateld(a_i, di, x)

case) using

values of am,d (1-dimensional

N=length(x);
Pm=P1(a_i,
Sp=sum(Pm’);
a=Sp/N;
mn=length(a_i);
m=zeros(1,mn);

% number of particles

m_i, d_i, % computing  P_L_i

X);

% computing a

% computing
for L=1:mn

m(L) = dot(x,Pm(L,)))/Sp(L);
end;

means

d=zeros(size(d_i));
% computing  variances

for L=1:mn
d(L)=dot(Pm(L,:),(x-m(L))."2)/Sp(L);
end;

And thelastfunctionimplementghe EM algorithmitself.

function
%
% computes optimal
%

[a,m,d]=get_itld(a,m,d,x)

case)

a,m,d (1-dimensional

a_o=a;m_o=m;d_o=d,; old values
flag=1;

epsilon=0.0001;

% storing

% iterating while distance is greater than epsilon; flag is used

while(dist(a,m,d,a_o,m_o,d_o)>epsilon | flag==1)
if flag==1

flag=0;
end;

a_o=a;m_o=m;d_o=d;

% updating  values of am,d

[a,m,d]=updateld(a_o,m_o,d_o0,X);
end;
function y=dist(al,m1,d1,a2,m2,d2)
Of-—mmmmmmmmmmeemeeeeeemeeeemceeeeee.een memmee mmeeees
% distance  function (it's just a sum of norms)
Of--mmmmmmmmmmemmmmmeeemeeeemceeeeee.een memmee mmeeees

y=norm(al-a2)+norm(m1l-m2)+norm(d1-d2);

the corresponding

only for the first step



78

CHAPTER4. TRACKING AND IDENTIFYING OF MULTIPLE TARGETS



Bibliography

[1] RONALD MAHLER, ApproximateMultisensorMultitarget Joint Detection,Tracking, andldenti-
fication Using a Fir st-Order Multitarget MomentStatistic TechnicalReport,LockheedMartin,
2000.

[2] 1.R. GOODMAN, R.P.S. MAHLER, AND H.T. NGUYEN, Mathematicsof Data Fusion Kluwer
AcademicPublishers1997.

[3] JEFF A. BILMES, A GentleTutorial of the EM Algorithmandits Applicationto ParameterEsti-
mationfor GaussianMixture and HiddenMarkov Models Technicalreport,InternationalCom-
puterSciencdnstitute,Berkeley California,1998.

[4] BA-NGU VO, SUMEETPAL SINGH, ARNAUD DOUCET, SequantiaMonte Carlo Implementa-
tion of the PHD Filter for Mulit-Target Tradking. To appeaiin the proceeding®f Fusion03.

79



