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Zibo is a prefecture-level city located in the central portion of Shandong province in the People's Re-
public of China. Some of the major industries of this region include the petrochemical, pharmaceutical,
china and ceramics sectors. Zibo is also abundant in natural resources. In support of the ceramics in-
dustry, they have large reserves of clay, limestone and bauxite. Consequently, there are a number of
mines in the region and the outflow of acidic water from these metal and coal mines, known as acid mine
drainage (AMD), is considerable. The AMD is rich in SO~- (sulphate) ions and contains ~ther pollu-
tants that are subsequently transferred to the soils and surrounding surface rivers through both irrigation
and infiltration of the ground water.

To understand the behaviour of the soil in the presence of infiltrating pollutants and atmospheric pre-
cipitation, soil-column experiments were performed. A chosen soil sample was undisturbed in the sense
that the structure of the soil layers and any pollutants within the column were preserved when the soil was
transferred to the experimental apparatus. To simulate the processes that occur within the environment
(infiltration and precipitation), polluted water (liquor) from a nearby source was introduced at the top of
the column and once this material has infiltrated the column, clean water was allowed to flush through
the apparatus. The initial concentration of various ions in the liquor were measured and throughout the
experiment, the fluid that reaches the bottom of the column was collected and analysed.

The goal for the workshop is to derive a mathematical model that predicts the observed experimental
time dependence of the ionic concentrations emerging from the bottom of the the apparatus. Developing
the model will require an understanding of the physical and chemical mechanisms of the solute transport
though the soil. This is an important first step in the eventual development of remediation schemes for
the contaminated soil.

Figure I details the apparatus used to obtain the experimental data. To ensure that the flow rate into the
column is constant, a pipe is used to remove the pressure head of the infiltrating fluids. In addition to
this, a layer of silver sand (sand without contaminants) disperses the fluid uniformly across the cross
sectional area of the column.



Initially the ion concentration of various pollutants is measured in a fixed volume of 70300 ml and at
t = 0 this liquor is introduced at the top of the apparatus and allowed to percolate through the soil matrix.
After t = 121 hours the last of the pollutant enters the soil-column and a fixed volume of 21245 ml of
clean water is allowed to flush through the apparatus. Throughout this process the concentration of the
various ions in the fluid emerging from the bottom of the apparatus is recorded.

Since a fixed volume of 70300 ml passes through the soil matrix of a fixed radius of 10 em over
a period of 121 hours, an estimate of the bulk fluid flow rate through the column is simply the Darcy
speed

volume 70300 mI· 10-6 m3 ml-1 -6 -1
q = area. time = 7r .10-2 m2. 121 hr. 3600 shr-1 '" 5.14 x 10 ms .

Consequently the fluid takes about t = 7 = 24.3 hours to propagate the complete length of the column,
L = 45 em. Typical measured concentration profiles of various substances as a function of time are
shown in Figure 2 and the corresponding data points can be found in the Appendix. On these plots
time t is measured in units of 7 and and the two dashed lines correspond to the onset of clean water,
(t = 4.977 = 121 hours), and the total infiltration time, (t = 6.647 = 161.5 hours). The dashed-dot
line is the initial concentration of the ionic species (i.e. the concentration in the liquor).

A few characteristics are immediately apparent. First, there is hardly any change in the concentration
of the sodium Na+, chlorine CI-, or bicarbonate HC03 ions. This indicates that these ions simply
propagate through the soil matrix without interacting. Which ion species can be ignored will depend
on the contents of the soil being tested and may vary from one site to another. Second, though the
potassium ion K+, displays interesting behaviour, this ion only occurs in trace amounts compared to the
other species. We will thus ignore its presence for purposes of this analysis.

This leaves the calcium Ca2+, magnesium Mg2+, and sulphate SO~- ions. Their similar shape leads
one to believe that these ions may be involved in similar reactions within the soil column. On consulting
a basic inorganic chemistry text [4] we found two reactions involving these ions that could be occurring
in the soil. These include i) the dissolution of anhydrous CaS04 and the subsequent crystallization of
CaS04·2H20(s) (gypsum - plaster):

CaS04(anhy) ~ Ca2+ (aq)+ SO~- (aq)'

Ca2+ (aq)+ SO~- (aq)+ 2H20 ~ CaS04 . 2H20(s),
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Figure 2: Experimental concentration curves for the seven pollutant ions under consideration. The verti-
cal dashed lines correspond to the times of i) initial infiltration of clean water and ii) the total infiltration
time. Initial concentrations of the various ionic species are indicated by the horizontal dashed-dot lines.

and ii) the formation of insoluble Mg(OHb(s) ("milk of magnesia") from the dissolution of magnesium
sulphate salts:

MgS04 . nH20(salt) ~ Mg2+ (aq)+ SO~- (aq)+ nH20,

Mg2+(aq) + 20H-(aq) ~ Mg(OHb(s)'

but since the sodium ions remain aqueous throughout this reaction we have chosen to omit them. We
assume that OH- will always be available to this latter reaction since the measured soil acidity remains
at pH = 7.

A number of assumptions have to be made before proceeding to develop a mathematical model. We start
by assuming that there are no free ions in the soil, and that all of the ions propagate at the Darcy speed
q = 5.14 X 10-6 ms-l. The Peclet number Pe = (v)dj Dm is a dimensionless constant which is useful
to characterize the competition between diffusion and advection. In this case (v) is the average fluid
speed, d is a length scale dependent on the local geometry and Dm is the molecular diffusion constant.
Considering (for example) C/- ions, with Dm = 1.5 x 10-9 m2 s-l [5], (v) = q and soil particles



with a diameter of d rv 10-4 m we find Pe rv 0.34 < 5 so that the diffusion process dominates the
spread of ions [9]. For larger values of the Peclet number advection dominates and one should replace
the coefficient of molecular diffusion with a dispersion coefficient. Further discussion of the transition
of the microscopic flow patterns as a function of Pe may be found in [10]. For simplicity we assume that
the molecular diffusion constant Dm = 10-9 m2 s-l for all ions. These values are readily available in
the literature [8, 13] and can be used to further refine the model.

If we assume that the reaction kinetics for the ion/salt reactions are governed by the law of mass
action, and furthermore, given by simple first and second order reactions, then the rate of change of the
various concentrations can be easily derived. For simplicity we assume that each of these reaction occurs
only in one direction, but, if required, it would not be difficult to account for reversible reactions if one
knew the solubility products of the various salts which are available in [7]. The effect of including these
additional terms is analogous to the addition of carrying capacities in equations of population dynamics.
We denote by s = (81,82,83, 84)T the amounts of the four non-ionic compounds: CaS04(anhy), CaS04'
2H20(s)' MgS04 . nH20(salt), and Mg(OHb(s) and the concentration of the ionic species: [Ca2+],

[SO~-], and [Mg2+] as c = (Cl, C2, C3)T. For those locations that are saturated with fluid the non-ionic
compounds satisfy

where the dots denote differentiation with respect to time, and k'm, = km[OH-j2 and [OH-] = 1 x
10-7 moll-I. For the ion species,

In the soil column we have advection and diffusion coupled with these reactions. The simplest model is
the advection-diffusion equation

on the domain t > 0, 0 < z < (, ( = min {qt, L}. In this expression 81 and 83 have been solved in terms
of their initial distributions within the column. For the soil, we assume that initially there are no free ions
and furthermore, that ions can only arise from the infiltrating pollutant or the dissolution of salts which
are embedded within the soil matrix. This gives the initial condition

Ions leave the soil-column with no velocity so we impose a no flux condition at z = L. At the top of the
soil-column, z = 0, the pollutant is applied for 0 < t < Tf (Tf = 121 hours) at which point the column
is flushed with clean water. Our boundary conditions are therefore

c(O, t) = coH(Tf - t).
ocoz (L, t) = 0,

(3.2c)

(3.2d)

where H is the Heaviside unit step function.

Expression (3.2) describes the concentration profiles of the three ionic species and gives rise to six
unknowns: the four reaction rates ka, kg, ks, k'm, and the initial salt distributions 8, (z) and 83(Z).



Identification of sets of parameters that characterize the behaviour can most easily be found by resealing
the variables. We rescale length and time using the length of the column and the Darcy speed respectively
so that

LA
t = -t,

q

with r = 10 mol m -3, a characteristic concentration. Here variables with hats (A) are the non-
dimensional ones. Letting E = Dm/ qL = 4.33 x 10-4

, T = qTJ / L = 4.97 and denoting

k1 = kaL, k2 = kgLr, k3 = ksL, k4 = k'mL,
q q q q

the diffusion equation (3.2a) becomes (after dropping hats)

oc oc o2c
ot + oz = E oz2 + F(s, c. t),

(

k1s1(z)e-klt - k2C1C2 )
F(s, c, t) = k1s1(z)e-klt - k2C1C2 + k3s3(z)e-k3t

k3s3(z)e-k3t - k4C3

The boundary and initial conditions (3.2b)-(3.2d) become

c(z,O) = 0,

c(O, t) = coH(T - t),
ocoz (1, t) = 0,

0< z < 1,

t > 0,

t > O.

(3.3c)

(3.3d)

(3.3e)

The values of ka and kg in (2.1) can estimated by performing an experiment on this system in isolation.
In this case, experimental data is available for the in situ monitoring of the amounts of CaS04(anhy) and
CaS04 . 2H20(s) [15].

Returning to dimensional variables, and letting u = (S1, S2. C1. C2)T, the set of equations describing
this experiment are

(

-kaS1, )
du = L(u, ka, k ) = kgCIC2, .
dt 9 kas1 - kgC1C2

kas1 - kgC1C2

In this experiment 100% of CaS04(anhy) powder (corresponding to a saturated CaS04 solution of con-
centration 17.63 mol m-3) is loaded into a wet-cell device and the percent by weight of the amounts of
CaS04(anhy) and CaS04 .2H20(s) are given as functions of time s~XP(t) and s~XP(t) respectively.

min (11s1 - s~xPIIF + IIs2 - s~XP)IIF)'
ka>O. kg>O

dudt = L(u, ka, kg). u(O) = (1.0,O,O)T.
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Figure 3: Experimental data from [15] and the best fit curves corresponding to ka = 1.4622 X 10-2 hr-1,

kg = 1.720 X 10-3 hr-1 per percent.

Figure 3 reproduces the data points in [15] and solution curves of (4.2) with ka = 1.4622 X 10-2 hr-1,

kg = 1.720 X 10-3 hr-1 per percent corresponding to k1 = 0.3558 and k2 = 2.374.

In contrast to the gypsum reaction, the dissolution of magnesium salts to form Mg(OHb is quite
rapid. For the initial simulations we will therefore assume that k3 = k4 = 2.

Using the parameter set discussed above: k1 = 0.3558, k2 = 2.374, k3 = 2, k4 = 2, E = 4.33 X 10-4,

81(Z) = 83(Z) = 0.5, the system (3.3) provided the break-through concentration shown in Figure 4.
Also included is the applied pollutant concentration Ci (0, t) and the scaled experimental data from Fig-
ure 2.

For each of the curves there are three distinctive regions: an initial peak, a plateau region and a
decay to zero. The peak is a result of the initial dissolution of salts and depends to a large extent on the
values of k1 and k3 provided 81 (z) and 83 (z) are sufficiently large. The plateau region corresponds to
time independent spatial distributions being set up in the soil. Ignoring diffusion, these time independent
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Figure 4: The break-through concentration, Ci(l, t), applied concentration, Ci(O, t), and experimental
data for C1 = [Ca2+], C2 = [SO~-], and C3 = [Mg2+]. For this simulation k1 = 0.3558, k2 = 2.374,
k3 = 2, k4 = 2, E = 4.33 X 10-4, 81(Z) = 83(Z) = 0.5.

dCeq

dz

(

CO,I (CO,I -CO,2)e -(CO,I -CO,2)k4Z)
Co le-(CO,I-CO,2)k4Z_co 2

ceq(z) = ' CO,2(CO,I-CO,2) ,
Co le-(CO,I-CO,2)k4z_co 2

, CO,3e-k4Z '

Finally the decay is characterized by the value of E.

The tableau of images in Figure 5 shows the effect of changing the various reaction rates. The top row
is reproduction of the break-through curves in Figure 4 and rows two through five show the effect of i)
increasing k1, ii) decreasing k2, iii) increasing k3, and iv) decreasing k4 all by a factor of 10 respectively.
Increasing k1 enhances the initial spike in C1 and C2, while decreasing k2 increases the plateau value of
these curves. The spike and plateau values of C3 are similarly controlled by k3 and k4. Initial distributions
of the salt, 81 (z) and 83 (z) primarily effect the break-through curves in the initial time period 0 < t < 1.
Material near the bottom of the column remains highly resolved as it leaves the column, whereas material
near the top of the column is diffused across this time period.

The fact that the measured concentration at the bottom of the soil-column tracks the incident con-
centration without any delay suggests that some mechanism that has not been modelled is playing a
significant role. Despite this, the model described in this report can quite successfully reproduce the
experimental curves. Modifying the parameters to k1 = 0.3558, k2 = 0.198, k3 = 1, k4 = 0.07,
E = 4.33 X 10-4, 81(Z) = 1.1, 83(Z) = 0.25 and using CO,l = 1.3, CO,2 = 1.5 produces the result in
Figure 6.

One of the basic assumptions of our model is the applicability of an advection-diffusion equation.
Anomalous flow has been observed elsewhere when the flow was intermittently stopped [14]. Combining
a constant dispersion diffusion equation with a simple compartment model consisting of mobile, immo-
bile, and excluded flows was shown to be sufficient to model the anomalous break-through curves. Even
very recently, various compartment models have met with some success [1,6,16].
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Figure 5: The effect of the reaction rates on the break-through concentration curves. The top row is the
data from Figure 4 and is included for reference. Subsequent rows show the effect of i) kl ----;lOkI, ii)
k2 ----;k2/1O, iii) k3 ----; lOk3, and iv) k4 ----; k4/10.

Since the soil-column is undisturbed, some attempt should be made to model the actual structures
within the soil. Anomalous early arrival times and late time tailing in the break-through curves have been
successfully modelled with a continuous time random walk (CTRW) theory [3]. This model is designed
to retain the correlations of particles as they are advected across fractures in the medium and includes
the classical advection-diffusion equation as a special case. Development of this model can be found
in [2].

The observed concentration dependencies were reproduced, however in the process of matching the data,
the rates of many of the reactions had to be significantly slowed. There is enough freedom in the model to
produce quite complicated concentration profiles in the available parameter space so to eliminate some of
this freedom, some effort should be made towards ensuring that the reactions proposed in this report are
actually occurring within the soil-column. For the gypsum reaction, some older works [11, 12] may be
useful to refine the model in this direction. With respect to the MgS04 . nH20(sall) system, the reaction
rates need to be determined. Finally, some effort should be made to account for structures within the
undisturbed soil-column. The fact that compartment models have met with some success is not surprising
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Figure 6: The break-through concentration, ci(l, t), and experimental data for CI = [Ca2+], C2
[SO~-], and C3 = [Mg2+]. For this simulation kl = 0.3558, k2 = 0.198, k3 = 1, k4 = 0.07,
E = 4.33 X 10-4, SI(Z) = 1.1, S3(Z) = 0.25. Also, CO.I = 1.3, CO.3 = 1.5 and the curves are shifted one
unit to the left to align the onset of clean water flushing.

since these model typically add parameters that can be tuned to match experimental data. Development
of a model that accounts for the wetting front and the initiation of the chemical reactions would be more
ambitious but would significantly increase the understanding of the underlying processes.
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t (hr)
o

0.5
1.1

2.1
4.1
7.1
10
17
25
36
47
58
69
82
95

108
119

119.5
121
123
126
131
138
146

161.5

Ca2+

338.28
794.79
628.65
544.49
510.42
498.60
490.60
480.56
464.53
442.48
430.46
410.42
396.39
388.38
382.36
378.36
376.35
380.36
372.34
308.22
220.24
150.10
76.15
38.08
20.04

Table 1: Raw soil-column data. Onset of clean water is at 121 hours.
Concentration of ion species (mg/l)

Mg2+ Na+ K+ HCO- 802-3 4
104.42 203 13.36 357.56 1062.90
163.98 225 1.95 460.07 2031.67
145.75 205 1.25 297.76 1899.11
130.56 193 1.09 282.51 1637.82
117.79 193 1 291.66 1468.76
115.36 200 1.06 309.36 1454.35
116.58 210 1.04 324.61 1439.94
119.01 193 1.04 345.36 1401.04
112.93 203 1.06 354.51 1374.62
105.03 200 1.2 342.92 1268.47
103.20 200 1.81 354.51 1280.48
97.13 205 2.76 348.41 1195.95

100.77 211 4.35 342.92 1176.74
94.70 203 6.57 348.41 1133.03
97.13 208 7.58 360.61 1116.22
94.70 207 9.17 372.81 1133.03
94.70 205 9.01 360.61 1116.22
95.91 203 8.72 366.71 1142.63
94.70 207 8.49 360.61 1106.61
70.38 183 7.58 342.92 905.85
58.35 140 5.73 294.71 611.42
40.11 103 3.96 252.61 431.79
21.88 67 2.94 210.51 206.53
12.16 35.5 2.56 144 81.65
8.51 16.3 1.9 101.9 19.21

CI-
219.10
222.29
198.18
212.01
220.87
220.87
222.29
219.10
222.29
219.10
215.54
219.08
219.08
219.08
215.54
219.08
215.54
215.54
215.54
219.10
121.6
73.03
27.65
17.37
7.09


